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DEFORMATIONS OF COMPACT HOLOMORPHIC POISSON SUBMANIFOLDS
CHUNGHOON KIM
Abstract. In this paper, we study deformations of compact holomorphic Poisson submanifolds which ex-
tend Kodaira’s series of papers on semi-regularity (deformations of compact complex submanifolds of codi-
mension 1) ([KS59]), deformations of compact complex submanifolds of arbitrary codimensions ([Kod62]),
and stability of compact complex submanifolds ([Kod63]) in the context of holomorphic Poisson deforma-
tions. We also study simultaneous deformations of holomorphic Poisson structures and holomorphic Poisson
submanifolds on a fixed underlying compact complex manifold. In appendices, we present deformations
of Poisson closed subschemes in the language of functors of Artin rings which is the algebraic version of
deformations of holomorphic Poisson submanifolds. We identify first-order deformations and obstructions.
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1. Introduction
In this paper, we study deformations of compact holomorphic Poisson submanifolds which extend Ko-
daira’s series of papers on semi-regularity (deformations of compact complex submanifols of codimension 1)
([KS59]), deformations of compact complex submanifolds of arbitrary codimensions ([Kod62]), and stabil-
ity of compact complex submanifolds ([Kod63]) in the context of holomorphic Poisson deformations. We
will review deformation theory of compact complex submainfolds presented in [KS59],[Kod62],[Kod63], and
explain how the theory can be extended in the context of holomorphic Poisson deformations.
Let us review deformations of compact complex submanifolds of codimension 1 of a complex manifold
presented in [KS59] where Kodaira-Spencer proved the theorem of completeness of characteristic systems of
complete continuous systems of semi-regular complex submanifolds of codimension 1. For the precise state-
ment, we recall the definitions of a complex analytic family of compact complex submanifolds of codimension
1, and maximality (or completeness) of a complex analytic family:
Definition 1.0.1. Let W be a complex manifold1 of dimension n + 1. We denote a point in W by w and
a local coordinate of w by (w1, ..., wn+1). By a complex analytic family of compact complex submanifolds of
codimension 1 of W , we mean a complex submanifold V ⊂W ×M of codimension 1 where M is a complex
manifold, such that Vt × t := ω−1(t) = V ∩ π−1(t) for each point t ∈ M is a connected compact complex
submanifold of W × t, where ω : V →M is the map induced from the canonical projection π :W ×M →M ,
The author was partially supported by NRF grant 2011-0027969.
1In this paper, all manifolds under consideration are paracompact and connected.
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and for each point p ∈ V, there is a holomorphic function S(w, t) on a neighborhood Up of p in W ×M such
that
∑n+1
α=1 |
∂S(w,t)
∂wα |
2 6= 0 at each point in Up ∩ V, and Up ∩ V is defined by S(w, t) = 0.
Definition 1.0.2. Let V ⊂ W ×M
ω
−→ M be a complex analytic family of compact complex submanifolds
of W of codimension 1 and let t0 be a point on M . We say that V
ω
−→ M is maximal at t0 if, for any
complex analytic family V ′ ⊂ W × M ′
ω′
−→ M ′ of compact complex submanifolds of W of codimension 1
such that ω−1(t0) = ω
′−1(t′0), t
′
0 ∈ M
′, there exists a holomorphic map h of a neighborhood N ′ of t′0 on
M ′ into M which maps t′0 to t0 such that ω
′−1(t′) = ω−1(h(t′)) for t′ ∈ N ′. We note that if we set a
holomorphic map hˆ : W × N ′ → W ×M defined by (w, t′) → (w, h(t′)), then the restriction map of hˆ to
V ′|N ′ = ω′−1(N ′) ⊂W ×N ′ defines a holomorphic map V ′|N ′ → V so that V ′|N ′ is the family induced from
V by h, which means V
ω
−→M is complete at t0.
Given a complex analytic family V ⊂ W ×M
ω
−→ M of compact complex submanifolds of codimension
1, each fibre Vt = ω
−1(t) of V for t ∈ M defines a complex line bundle Nt on W . Then infinitesimal
deformations of Vt in the family V are encoded in the cohomology group H0(Vt,Nt|Vt), and we can define
the characteristic map (see [KS59] p.479-480)
ρd,t : TtM → H
0(Vt,Nt|Vt)
In [KS59], Kodaira-Spencer defined a concept of semi-regularity, and showed that the semi-regularity is ‘the
right condition’ for ‘theorem of existence’ and thus ‘theorem of completeness’ for deformations of compact
complex submanifolds of codimension 1 as follows.
Definition 1.0.3. Let V0 be a compact complex submanifold of W of codimension 1 and N0 be the com-
plex line bundle over W determined by V0. Let r0 : N0 → N0|V0 be the restriction map which induces a
homomorphism r∗0 : H
1(W,N0)→ H1(V0,N0|V0). We say that V0 is semi-regular if r
∗
0H
1(W,N0) is zero.
Theorem 1.0.4 (theorem of existence). If V0 is semi-regular, then there exists a complex analytic family
V ⊂ W ×M
ω
−→ M of compact complex submanifolds of W containing V0 as the fibre ω−1(0) over 0 ∈ M
such that the characteristic map
ρd,0 : T0M → H
0(V0,N0|V0)
is an isomorphism.
Theorem 1.0.5 (theorem of completeness). Let V ⊂W ×M
ω
−→M be a complex analytic family of compact
complex submanifolds of W of codimension 1. If the characteristic map
ρd,0 : T0M → H
0(V0,N0|V0)
is an isomorphism, then the family V
ω
−→M is maximal at the point t = 0.
In section 2, we extend the concept of semi-regularity and prove an analogue of theorem of existence
(Theorem 1.0.4) and an analogue of theorem of completeness (Theorem 1.0.5) in the context of holomor-
phic Poisson deformations. A holomorphic Poisson manifold W is a complex manifold whose structure
sheaf is a sheaf of Poisson algebras.2 A holomorphic Poisson structure on W is encoded in a holomorphic
section (a holomorphic bivector field) Λ0 ∈ H0(W,∧2TW ) with [Λ0,Λ0] = 0, where TW is the sheaf of
germs of holomorphic vector fields, and the bracket [−,−] is the Schouten bracket on W . In the sequel
a holomorphic Poisson manifold will be denoted by (W,Λ0). Let V be a complex submanifold of a holo-
morphic Poisson manifold (W,Λ0) and let i : V →֒ W be the embedding. Then V is called a holomorphic
Poisson submanifold of (W,Λ0) if V is a holomorphic Poisson manifold and the embedding i is a Poisson
map with respect to the holomorphic Poisson structures. Then the holomorphic Poisson structure on V
is unique. Equivalently a holomorphic Poisson submanifold V of (W,Λ0) can be characterized in the fol-
lowing way: let V be covered by coordinate neighborhoods Wi, i ∈ I in W . We choose a local coordinate
(wi, zi) := (w
1
i , ..., w
r
i , z
1
i , ..., z
d
i ) on each neighborhoodWi such that w
1
i = · · · = w
r
i = 0 defines V ∩Wi. Then
V is a holomorphic Poisson submanifold of (W,Λ0) if the restriction [Λ0, w
α
i ]|V ∩Ui of [Λ0, w
α
i ] to V ∩Ui is 0,
i.e. [Λ0, w
α
i ]|V ∩Ui := [Λ0, w
α
i ]|wi=0 = 0, α = 1, ..., r, or [Λ0, w
α
i ] is of the form: [Λ0, w
α
i ] =
∑r
β=1w
β
i T
β
iα(wi, zi)
for some T βiα(wi, zi) ∈ Γ(Wi, TW ).
2We refer to [LGPV13] for general information on Poisson geometry
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Now we explain how we can extend the theory of deformations of compact complex submanifolds of
codimension 1 to the theory of deformations of compact holomorphic Poisson submanifolds of a holomorphic
Poisson manifold of codimension 1. We extend Definition 1.0.1 and Definition 1.0.2 to define concepts of a
family of compact holomorphic Poisson submanifolds of codimension 1 (see Definition 2.0.26), and maximality
(or completeness) of a family of compact holomorphic Poisson submanifolds (see Definition 2.4.1).
Definition 1.0.6. Let (W,Λ0) be a holomorphic Poisson manifold of dimension n+1. We denote a point in
W by w and a local coordinate of w by (w1, ..., wn+1). By a Poisson analytic family of compact holomorphic
Poisson submanifolds of codimension 1 of (W,Λ0), we mean a holomorphic Poisson submanifold V ⊂ (W ×
M,Λ0) of codimension 1 where M is a complex manifold and Λ0 is the holomorphic Poisson structure on
W ×M induced from (W,Λ0), such that Vt := ω−1(t) = V ∩ π−1(t) for each point t ∈ M is a connected
compact holomorphic Poisson submanifold of (W × t,Λ0), where ω : V → M is the map induced from the
canonical projection π : W ×M → M , and for each point p ∈ V, there is a holomorphic function S(w, t)
on a neighborhood Up of p in W ×M such that
∑n+1
α=1 |
∂S(w,t)
∂wα |
2 6= 0 at each point in Up ∩ V, and Up ∩ V is
defined by S(w, t) = 0.
Definition 1.0.7. Let V ⊂ (W ×M,Λ0)
ω
−→M be a Poisson analytic family of compact holomorphic Poisson
submanifolds of (W,Λ0) of codimension 1 and let t0 be a point on M . We say that V
ω
−→M is maximal at t0
if, for any Poisson analytic family V ′ ⊂ (W ×M ′,Λ0)
ω′
−→M ′ of compact holomorphic Poisson submanifolds
of (W,Λ0) of codimension 1 such that ω
−1(t0) = ω
′−1(t′0), t
′
0 ∈ M
′, there exists a holomorphic map h of a
neighborhood N ′ of t′0 on M
′ into M which maps t′0 to t0 such that ω
′−1(t′) = ω−1(h(t′)) for t′ ∈ N ′. We
note that if we set a Poisson map hˆ : (W ×N ′,Λ0)→ (W ×M,Λ0) defined by (w, t′)→ (w, h(t′)), then the
restriction map of hˆ to V ′|N ′ = ω′−1(N ′) ⊂ (W ×N ′,Λ0) defines a Poisson map V ′|N ′ → V so that V ′|N ′ is
the family induced from V by h, which means V
ω
−→M is complete at t0.
Given a Poisson analytic family V ⊂ (W ×M,Λ0) → M of compact holomorphic Poisson submanifolds
of codimension 1, each fibre Vt = ω
−1(t) of V for t ∈ M defines a Poisson line bundle (Nt,∇t) on (W,Λ0),
where ∇t is the Poisson connection on Nt which defines the Poisson line bundle structure (see [Kim14a]) so
that we have a complex of sheaves on W (see [Kim14a])
N •t : Nt
∇t−−→ Nt ⊗ TW
∇t−−→ Nt ⊗ ∧
2TW
∇t−−→ · · ·
We will denote the i-th hypercohomology group by Hi(W,N•t ). We note that N
•
t induces, by restriction on
Vt, the complex of sheaves on Vt
N •t |Vt : Nt|Vt
∇t|Vt−−−−→ Nt|Vt ⊗ TW |Vt
∇t|Vt−−−−→ Nt|Vt ⊗ ∧
2TW |Vt
∇t|Vt−−−−→ · · ·
We will denote the i-th hypercohomology group by Hi(Vt,N •t |Vt). Then infinitesimal deformations of Vt in
the family V are encoded in the cohomology group H0(Vt,N •t |Vt), and we can define the characteristic map
(see subsection 2.1)
ρd,t : TtM → H
0(Vt,N
•
t |Vt)
As in the concept of semi-regularity in [KS59], we similarly define a concept of Poisson semi-regularity and
show that Poisson semi-regularity (see Definition 2.1.8) implies ‘theorem of existence’ (see Theorem 2.2.3)
and thus ‘theorem of completeness’ (see Theorem 2.4.2) for deformations of compact holomorphic Poisson
submanifolds of codimension 1 as follows.
Definition 1.0.8. Let V0 be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold
(W,Λ0) of codimension 1 and let (N0,∇0) be the Poisson line bundle over (W,Λ0) determined by V0. We
denote by r0 : N • → N •|V0 the restriction map of the following complex of sheaves
N •0 : N0
∇0−−−−→ N0 ⊗ TW
∇0−−−−→ N0 ⊗ ∧2TW
∇0−−−−→ · · ·y y y
N •0 |V0 :N0|V0
∇0|V0−−−−→ N0|V0 ⊗ TW |V0
∇0|V0−−−−→ N0|V0 ⊗ ∧
2TW |V0
∇0|V0−−−−→ · · ·
which induces a homomorphism r∗0 : H
1(W,N •0 ) → H
1(V0,N
•
0 |V0). We say that V0 is Poisson semi-regular
if the image r∗0H
1(W,N •0 ) is zero.
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Theorem 1.0.9 (Theorem of existence). If V0 is Poisson semi-regular, then there exists a Poisson analytic
family V ⊂ (W ×M,Λ0)
ω
−→ M of compact holomorphic Poisson submanifolds of (W,Λ0) containing V0 as
the fibre ω−1(0) over 0 ∈M such that the characteristic map
ρd,0 : T0M → H
0(V0,N
•
0 |V0)
ia an isomorphism.
Theorem 1.0.10 (Theorem of completeness). Let V ⊂ (W ×M,Λ0)
ω
−→M be a Poisson analytic family of
compact Poisson submanifolds of (W,Λ0) of codimension 1. If the characteristic map
ρd,0 : T0M → H
0(V0,N
•
0 |V0)
is an isomorphism, then the family V
ω
−→M is maximal at the point t = 0.
Next we review deformation theory of compact complex submanifolds of arbitrary codimensions presented
in [Kod62] and explain how the theory can be extended to the theory of compact holomorphic Poisson
submanifolds of arbitrary codimensions in terms of holomorphic Poisson deformations. In [Kod62], Kodaira
showed that deformations of a compact complex submanifold V of a complex manifold W is controlled
by the normal bundle NV/W of V in W so that infinitesimal deformations are encoded in the cohomology
group H0(V,NV/W ) and obstructions are encoded in the cohomology group H
1(V,NV/W ). For the precise
statement, we recall the following definition which generalize Definition 1.0.1 to arbitrary codimensions.
Definition 1.0.11 ([Kod62]). Let W be a complex manifold of dimension d + r. We denote a point in
W by w and a local coordinate of w by (w1, ..., wr+d). By a complex analytic family of compact complex
submanifolds of dimension d of W , we mean a complex submanifold V ⊂ W ×M of codimension r, where
M is a complex manifold, such that
(1) for each point t ∈ M , Vt × t := ω
−1(t) = V ∩ π−1(t) is a connected compact complex submanifold
of W × t of dimension d, where ω : V → M is the map induced from the canonical projection
π :W ×M →M .
(2) for each point p ∈ V, there exist r holomorphic functions fα(w, t), α = 1, ..., r defined on a neighbor-
hood Up of p in W ×M such that rank
∂(f1,...,fr)
∂(w1,...wr+d)
= r, and Up ∩ V is defined by the simultaneous
equations fα(w, t) = 0, α = 1, ..., r.
We call V ⊂ W ×M a complex analytic family of compact complex submanifolds Vt, t ∈ M of W . We also
call V ⊂W ×M a complex analytic family of deformations of a compact complex submanifold Vt0 of W for
each fixed point t0 ∈M .
We can define the concept of maximality (or completeness) of a complex analytic family of compact
complex submanifolds of arbitrary codimenions as in Definition 1.0.2. Given a complex analytic family
V ⊂W ×M
ω
−→M , for each fibre Vt = ω−1(t) of V for t ∈M , infinitesimal deformations of Vt in the family V
are encoded in the cohomology group H0(Vt,NVt/W ), and we can define the characteristic map (see [Kod62]
p.147-150)
σt : TtM → H
0(Vt,NVt/W )
In [Kod62], Kodaira showed that given a compact complex submanifold V of a complex manifold W , ob-
structions of deformations of V in W are encoded in H1(V,NV/W ) and so when obstructions vanish, we can
prove ‘theorem of existence’ and ‘theorem of completeness’ as follows.
Theorem 1.0.12 (theorem of existence). Let V be a compact complex submanifold of a complex manifold
W . If H1(V,NV/W ) = 0, then there exists a complex analytic family V of compact complex submanifolds Vt,
t ∈M1 of W such that V0 = V and the characteristic map
σ0 : T0(M1)→ H
0(V,NV/W )
is an isomorphism.
Theorem 1.0.13 (theorem of completeness). Let V be a complex analytic family of compact holomorphic
Poisson submanifolds Vt, t ∈M1, of W . If the characteristic map
σ0 : T0(M1)→ H
0(V0,NV0/W )
is an isomorphism, then the family V is maximal at t = 0.
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In section 3, we extend Definition 1.0.11 to define a concept of compact holomorphic Poisson submanifolds
of arbitrary codimensions, and prove an analogue of theorem of existence (Theorem 1.0.12) and an analogue
of theorem of completeness (Theorem 1.0.13) in the context of holomorphic Poisson deformations. Let V
be a holomorphic Poisson submanifold of a holomorphic Poisson manifold (W,Λ0). Then we can define a
complex of sheaves associated with the normal bundle NV/W (see subsection 3.1 and Definition 3.1.13 )
N •V/W : NV/W
∇
−→ NV/W ⊗ TW |V
∇
−→ NV/W ⊗ ∧
2TW |V
∇
−→ NV/W ⊗ ∧
3TW |V
∇
−→ · · ·
which is called the complex associated with the normal bundle NV/W of a holomorphic Poisson submanifold
V of a holomorphic Poisson manifold (W,Λ0), and denote its i-th hypercohomology group by H
i(V,N •V/W ).
Then holomorphic Poisson deformations of V in (W,Λ0) is controlled by the complex of sheaves N •V/W
so that infinitesimal deformations are encoded in the cohomology group H0(V,N •V/W ) and obstructions
are encoded in the cohomology group H1(V,N •V/W ). For the precise statement, we define a concept of
compact holomorphic Poisson submanifolds of an arbitrary codimension which generalize Definition 1.0.6
and Definition 1.0.11 as follows.
Definition 1.0.14 (compare Definition 1.0.11). Let (W,Λ0) be a holomorphic Poisson manifold of dimension
d + r. We denote a point in W by w and a local coordinate of w by (w1, ..., wr+d). By a Poisson analytic
family of compact holomorphic Poisson submanifolds of dimension d of (W,Λ0), we mean a holomorphic
Poisson submanifold V ⊂ (W ×M,Λ0) of codimension r, where M is a complex manifold and Λ0 is the
holomorphic Poisson structure on W ×M induced from (W,Λ0), such that
(1) for each point t ∈ M , Vt × t := ω−1(t) = V ∩ π−1(t) is a connected compact holomorphic Poisson
submanifold of (W × t,Λ0) of dimension d, where ω : V →M is the map induced from the canonical
projection π :W ×M →M .
(2) for each point p ∈ V, there exist r holomorphic functions fα(w, t), α = 1, ..., r defined on a neighbor-
hood Up of p in W ×M such that rank
∂(f1,...,fr)
∂(w1,...wr+d) = r, and Up ∩ V is defined by the simultaneous
equations fα(w, t) = 0, α = 1, ..., r.
We call V ⊂ (W ×M,Λ0) a Poisson analytic family of compact holomorphic Poisson submanifolds Vt, t ∈M
of (W,Λ0). We also call V ⊂ (W×M,Λ0) a Poisson analytic family of deformations of a compact holomorphic
Poisson submanifold Vt0 of (W,Λ0) for each fixed point t0 ∈M .
We can define the concept of maximality (or completeness) of a Poisson analytic family of compact
holomorphic Poisson submanifolds of arbitrary codimensions as in Definition 1.0.7. Given a Poisson analytic
family V ⊂ (W ×M,Λ0)
ω
−→ M of compact holomorphic Poisson submanifolds, for each fibre Vt = ω−1(t)
of V for t ∈ M , infinitesimal deformations of Vt in the family V are encoded in the cohomology group
H
0(Vt,N
•
Vt/W
), and we can define the characteristic map (see subsection 3.2)
σt : TtM → H
0(Vt,N
•
Vt/W
)
Given a compact holomorphic Poisson submanifold V of a holomorphic Poisson manifold (W,Λ0), obstruc-
tions of holomorphic Poisson deformations of V in (W,Λ0) are encoded in H
1(V,N •V/W ) and so when ob-
structions vanish, we can prove ‘theorem of existence’ (see Theorem 3.3.1) and ‘theorem of completeness’
(see Theorem 3.5.1) as fallows.
Theorem 1.0.15 (theorem of existence). Let V be a compact holomorphic Poisson submanifold of a holo-
morphic Poisson manifold (W,Λ0). If H
1(V,N •V/W ) = 0, then there exists a Poisson analytic family V of
compact holomorphic Poisson submanifolds Vt, t ∈ M1 of (W,Λ0) such that V0 = V and the characteristic
map
σ0 : T0(M1)→ H
0(V,N •V/W )
is an isomorphism.
Theorem 1.0.16 (theorem of completeness). Let V be a Poisson analytic family of compact holomorphic
Poisson submanifolds Vt, t ∈M1, of (W,Λ0). If the characteristic map
σ0 : T0(M1)→ H
0(V0,N
•
V0/W
)
is an isomorphism, then the family V is maximal at t = 0.
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In section 4, we study simultaneous deformations of holomorphic Poisson structures and compact holomor-
phic Poisson submanifolds. Let V be a holomorphic Poisson submanifold of a holomorphic Poisson manifold
(W,Λ0). As we saw as above, the complex associated with the normal bundle
N •V/W : NV/W
∇
−→ NV/W ⊗ TW |V
∇
−→ NV/W ⊗ ∧
2TW |V
∇
−→ · · ·(1.0.17)
controls holomorphic Poisson deformations of V of (W,Λ0), and the complex
∧2T •W : ∧
2TW
−[−,Λ0]
−−−−−→ ∧3TW
−[−,Λ0]
−−−−−→ · · ·(1.0.18)
controls deformations of the holomorphic Poisson structure Λ0 on the fixed underlying complex manifold W
(see Appendix A). By combining two complexes (1.0.17) and (1.0.18), we can define a complex of sheaves
on W (see subsection 4.1 and Definition 4.1.8)
(∧2TW ⊕ i∗NV/W )
• : ∧2TW ⊕ i∗NV/W
∇˜
−→ ∧3TW ⊕ i∗(NV/W ⊗ TW |V )
∇˜
−→ ∧4TW ⊕ i∗(NV/W ⊗ ∧
2TW |V )
∇˜
−→ · · ·
where i : V →֒ W is the embedding, which is called the extended complex associated with the normal
bundle NV/W of a holomorphic Poisson submanifold V of a holomorphic Poisson manifold W , and denote its
i-th hypercohomology group by Hi(V, (∧2TW ⊕ i∗NV/W )
•). Then (∧2TW ⊕ i∗NV/W )
• controls simultaneous
deformations of Λ0 and V in (W,Λ0) so that infinitesimal deformations are encoded in the cohomology group
H0(W, (∧2TW ⊕ i∗NV/W )
•) and obstructions are encoded in H1(W, (∧2TW ⊕ i∗NV/W )
•). For the precise
statements, we extend Definition 1.0.14 of a Poisson analytic family of compact holomorphic submanifolds
of a holomorphic Poisson manifold (W,Λ0) by deforming Λ0 on the fixed complex manifold W as well as a
holomorphic Poisson submanifold V of (W,Λ0) as follows (see Definition 4.0.1).
Definition 1.0.19. Let W be a complex manifold of dimension d + r. We denote a point in W by w and
a local coordinate of w by (w1, ..., wr+d). By an extended Poisson analytic family of compact holomorphic
Poisson submanifolds of dimension d of W , we mean a holomorphic Poisson submanifold V ⊂ (W ×M,Λ)
of codimension r, where M is a complex manifold and Λ is a holomorphic Poisson structure on W ×M ,
such that
(1) the canonical projection π : (W ×M,Λ)→M is a Poisson analytic family in the sense of [Kim14b]
(but we allow non-compact fibres) so that Λ ∈ H0(W ×M,∧2TW×M/M ) and π
−1(t) := (W × t,Λt)
is a holomorphic Poisson subsmanifold of (W ×M,Λ) for each point t ∈M .
(2) for each point t ∈ M , Vt × t := ω−1(t) = V ∩ π−1(t) is a connected compact holomorphic Poisson
submanifold of (W × t,Λt) of dimension d, where ω : V →M is the map induced from π.
(3) for each point p ∈ V, there exist r holomorphic functions fα(w, t), α = 1, ..., r defined on a neighbor-
hood Up of p in W ×M such that rank
∂(f1,...,fr)
∂(w1,...wr+d)
= r, and Up ∩ V is defined by the simultaneous
equations fα(w, t) = 0, α = 1, ..., r.
We call V ⊂ (W ×M,Λ) an extended Poisson analytic family of compact holomorphic Poisson submanifolds
Vt, t ∈ M of (W,Λt). We also call V ⊂ (W ×M,Λ) an extended Poisson analytic family of simultaneous
deformations of a holomorphic Poisson submanifold Vt0 of (W,Λt0) for each fixed point t0 ∈M .
As in Definition 1.0.2, we can similarly define the concept of maximality (or completeness) of an extended
Poisson analytic family (see Definition 4.5.1). Given an extended Poisson analytic family V ⊂ (M×M,Λ)
ω
−→
M of compact holomorphic Poisson submanifolds, for each fibre Vt = ω
−1(t) ⊂ (W,Λt) of V for t ∈ M ,
infinitesimal deformations of (Λt, Vt) in the family V are encoded in the cohomology group H0(W, (∧2TW ⊕
i∗NVt/W )
•), and we can define the characteristic map (see subsection 4.2)
σt : TtM → H
0(W, (∧2TW ⊕ i∗NVt/W )
•)
Given a compact holomorphic Poisson manifold V of a compact holomorphic Poisson manifold (W,Λ0),
obstructions of simultaneous deformations of Λ0 and V are encoded in H
1(W, (∧2TW ⊕ i∗NV/W )
•) and
so when obstructions vanish, we can prove ‘theorem of existence’ (see Theorem 4.3.1) and ‘theorem of
completeness’ (see Theorem 4.5.2) as follows.
Theorem 1.0.20 (theorem of existence). Let V be a holomorphic Poisson submanifold of a compact holo-
morphic Poisson manifold (W,Λ0). If H
1(W, (∧2TW ⊕ i∗NW/V )
•) = 0, then there exists an extended Poisson
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analytic family V ⊂ (W ×M1,Λ) of compact holomorphic Poisson submanifolds Vt, t ∈M1, of (W,Λt) such
that V = V0 ⊂ (W,Λ0) and the characteristic map
σ0 : T0(M1)→ H
0(W, (∧2TW ⊕ i∗NV/W )
•)
is an isomorphism.
Theorem 1.0.21 (theorem of completeness). Let V ⊂ (W ×M1,Λ) be an extended Poisson analytic family
of compact holomorphic Poisson submanifolds Vt of (W,Λt). If the characteristic map
ρ0 : T0(M1)→ H
0(W, (∧2TW ⊕ i∗NW/V0)
•)
is an isomorphism, then the family V is maximal at t = 0.
Lastly we review stability of compact complex submanifolds presented in [Kod63] and explain how we
can extend the concept of stability in the context of holomorphic Poisson deformations. In [Kod63], Kodaira
defined a concept of stability of compact complex submanifolds as follow:
Definition 1.0.22. Let V be a compact complex submanifold of a complex manifold W . We call V a stable
complex submanifold of W if and only if, for any complex fibre manifold 3 (W , B, p) with p : W → B such
that p−1(0) =W for a point 0 ∈ B, there exist a neighborhood N of 0 in B and a complex fibre submanifold
V with compact fibres of the complex fibre manifold W|N such that V ∩W = V , where W|N is the restriction
(p−1(N), N, p) of (W , B, p) to N .
and he proved
Theorem 1.0.23. Let V be a compact complex submanifold of a complex manifold W . If the first cohomology
group H1(V,NV/W ) vanishes, then V is a stable complex submanifold of W .
In section 5, we similarly define a concept of stable compact holomorphic Poisson submanifolds as follows
(see Definition 5.0.2):
Definition 1.0.24. Let V be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold
(W,Λ0). We call V a stable holomorphic Poisson submanifold of (W,Λ0) if and only if, for any holomorphic
Poisson fibre manifold (W ,Λ, B, p) (see Definition 5.0.1) such that p−1(0) = (W,Λ0) for a point 0 ∈ B,
there exist a neighborhood N of 0 in B and a holomorphic Poisson fibre submanifold V with compact fibres
of the holomorphic Poisson fibre manifold (W ,Λ)|N such that V ∩W = V , where (W ,Λ)|N is the restriction
(p−1(N),Λ|p−1(N), N, p) of (W ,Λ, B, p) to N .
and we prove (see Theorem 5.1.1)
Theorem 1.0.25. Let V be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold
(W,Λ0). If the first cohomology group H
1(V,N •V/W ) vanishes, then V is a stable holomorphic Poisson
submanifold of (W,Λ0).
In appendices B and C, we present deformations of Poisson closed subschemes in the language of functors
of Artin rings which is the algebraic version of deformations of holomorphic Poisson submanifolds. We
identity first-order deformations and obstructions (see Proposition B.2.4 and Proposition C.2.2).
2. Deformations of compact holomorphic Poisson submanifolds of codimension 1 and
Poisson semi-regularity
Definition 2.0.26. Let (W,Λ0) be a holomorphic Poisson manifold. We denote a point in W by w and
a local coordinate of w by (w1, ..., wn+1). By a Poisson analytic family of compact holomorphic Poisson
submanifolds of codimension 1 of (W,Λ0), we mean a holomorphic Poisson submanifold V ⊂ (W ×M,Λ0)
of codimension 1 where M is a complex manifold and Λ0 is the holomorphic Poisson structure on W ×M
induced from (W,Λ0), such that Vt × t := ω−1(t) = V ∩ π−1(t) for each point t ∈M is a connected compact
holomorphic Poisson submanifold of (W × t,Λ0), where ω : V → M is the map induced from the canonical
projection π : W × M → M , and for each point p ∈ V, there is a holomorphic function S(w, t) on a
neighborhood Up of p in W ×M such that
∑n+1
α=1 |
∂S(w,t)
∂wα |
2 6= 0 at each point in Up ∩V, and Up ∩V is defined
by S(w, t) = 0.
3 for the definition of a complex fibre manifold and a complex fibre submanifold, see [Kod63] p.79
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2.1. Infinitesimal deformations.
Let (W,Λ0) be a holomorphic Poisson manifold. We denote by w a point on (W,Λ0) and by (w
1, ..., wn+1)
the local holomorphic coordinates (not specified) of w. Consider a small spherical neighborhood N of a point
on M and let {Ui} be a locally finite covering of W by sufficiently small coordinate neighborhoods Ui.
Consider a Poisson analytic family V ⊂ (W ×M,Λ0) of compact holomorphic Poisson submanifolds of
codimension 1 as in Definition 2.0.26. Let N be a small spherical neighborhood of a point on M . Then the
holomorphic Poisson submanifold V of (W ×M,Λ0) is defined in each neighborhood Ui×N by a holomorphic
equation Si(w, t) = 0 where Si(w, t) is a holomorphic function on Ui ×N such that
∑n+1
α=1
∣∣∣∂Si(w,t)∂wα ∣∣∣2 6= 0 at
each point (w, t) of V ∩ (Ui ×N) (if V ∩ (Ui ×N) is empty, we set Si(w, t) = 1). By letting
Si(w, t) = fik(w, t)Sk(w, t), w ∈ Ui ∩ Uk,(2.1.1)
we get a system {fik(w, t)} of non-vanishing holomorphic functions fik(w, t) defined, respectively, on (Ui ×
N) ∩ (Uk ×N) satisfying
fik(w, t) = fij(w, t)fjk(w, t), w ∈ Ui ∩ Uj ∩ Uk.(2.1.2)
On the other hand, since Si(w, t) = 0 define a holomorphic Poisson submanifold, [Λ0, Si(w, t)] is of the form
[Λ0, Si(wi, t)] = Si(w, t)Ti(w, t)(2.1.3)
for some Ti(w, t) =
∑n+1
i=1 T
α
i (w, t)
∂
∂wα , where T
α
i (w, t) is a holomorphic function on Ui × N . By taking
[Λ0,−] on (2.1.3), we have 0 = −[Λ0, Si(w, t)]∧Ti(w, t)]+Si(w, t)[Λ0, Ti(w, t)] = −Si(w, t)Ti(w, t)∧Ti(w, t)+
Si(w, t)[Λ0, Ti(w, t)] = Si(w, t)[Λ0, Ti(w, t)] so that
[Λ0, Ti(w, t)] = 0, w ∈ Ui(2.1.4)
From (2.1.1) and (2.1.3), fik(w, t)Sk(w, t)Ti(w, t) = Si(w, t)Ti(w, t) = [Λ0, Si(w, t)] = [Λ0, fik(w, t)Sk(w, t)] =
Sk(w, t)[Λ0, fik(w, t)] + fik(w, t)[Λ0, Sk(w, t)] = Sk(w, t)[Λ0, fik(w, t)] + fik(w, t)Sk(w, t)Tk(w, t) so that
fik(w, t)Ti(w, t) − fik(w, t)Tk(w, t) = [Λ0, fik(w, t)], w ∈ Ui ∩ Uk(2.1.5)
Then the conditions (2.1.2),(2.1.4),(2.1.5) show that ({fik(w, t)}, {Ti(w, t)}) defines the Poisson line bundle
over (W,Λ0) for each t ∈ N . We will denote the Poisson line bundle by (Nt,∇t) for t ∈ N , where ∇t is the
Poisson connection on Nt which defines the Poisson line bundle structure (see [Kim14a]). Then we have a
complex of sheaves on W (see [Kim14a])
N •t : Nt
∇t−−→ Nt ⊗ TW
∇t−−→ Nt ⊗ ∧
2TW
∇t−−→ · · ·
We will denote the i-th hypercohomology group by Hi(W,N•t ). We note that N
•
t induces, by restriction on
Vt, the complex of sheaves on Vt
N •t |Vt : Nt|Vt
∇t|Vt−−−−→ Nt|Vt ⊗ TW |Vt
∇t|Vt−−−−→ Nt|Vt ⊗ ∧
2TW |Vt
∇t|Vt−−−−→ · · ·
We will denote the i-th hypercohomology group by Hi(Vt,N •t |Vt).
Denote by (t1, .., tm) a system of holomorphic coordinates on N . For any tangent vector v =
∑m
r=1 vr
∂
∂tr
of M at t ∈ N , we set ψi(w, t) = −
∑m
r=1 vr
∂Si(w,t)
∂tr
. Since Si(w, t) = 0 for w ∈ Vt, by taking the derivative
of (2.1.1) and (2.1.3) with respect to t, we obtain
ψi(w, t) = fik(w, t)ψk(w, t), w ∈ Vt ∩ Ui ∩ Uk,(2.1.6)
[Λ0, ψi(w, t)]|Vt =[Λ0, ψi(w, t)]|Si(w,t)=0 = ψi(w, t)Ti(w, t), w ∈ Vt ∩ Ui(2.1.7)
From (2.1.6) and (2.1.7), {ψi(w, t)} define an element in H0(Vt,N •t |Vt) so that we have a linear map
ρd,t : TtM → H
0(Vt,N
•
t |Vt)
∂
∂t
7→
∂Vt
∂t
:= {ψi(zi, t)}
We call ρd,t the characteristic map.
Definition 2.1.8. Let V0 be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold
(W,Λ0) of codimension 1 and let (N0,∇0) be the Poisson line bundle over (W,Λ0) determined by V0. We
denote by r0 : N • → N •|V0 the restriction map of the following complex of sheaves
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N •0 : N0
∇0−−−−→ N0 ⊗ TW
∇0−−−−→ N0 ⊗ ∧2TW
∇0−−−−→ · · ·y y y
N •0 |V0 :N0|V0
∇0|V0−−−−→ N0|V0 ⊗ TW |V0
∇0|V0−−−−→ N0|V0 ⊗ ∧
2TW |V0
∇0|V0−−−−→ · · ·
which induces a homomorphism r∗0 : H
1(W,N •0 ) → H
1(V0,N •0 |V0). We say that V0 is Poisson semi-regular
if the image r∗0H
1(W,N •0 ) is zero.
2.2. Theorem of existence.
We extend the argument in [KS59] in the context of Poisson deformations (see [KS59] p.484-493). We
tried to maintain notational consistency with [KS59]. Let (W,Λ0) be a holomorphic Poisson manifold of
dimension n+1 ≥ 2 and let V0 be a compact holomorphic Poisson submanifold of (W,Λ0) of dimension n. In
what follows we denote by p a point on W and by (w1(p), , , , , wn+1(p)) the coordinate of p with respect to
a system of local holomorphic coordinate (w1, ..., wn+1) on W . We choose a locally finite covering U = {Ui}
of W such that
(1) each neighborhood Ui is a polycylinder: Ui = {p||w1i (p)| < 1, ..., |w
n+1
i (p)| < 1} where (w
1
i , ..., w
n+1
i )
is a system of local holomorphic coordinates which covers the closure of Ui.
(2) V0 ∩ Ui coincides with the coordinate plane w
n+1
i = 0 if V0 ∩ Ui is not empty,
(3) V0 ∩ Ui ∩ Uk is not empty if V0 ∩ Ui, V0 ∩ Uk and Ui ∩ Uk are not empty.
(4) if V0 ∩ Ui is not empty, we write wi = w
n+1
i , z
1
i = w
1
i , ..., z
n
i = w
n
i .
(5) {U δi } covers W , where U
δ
i = {p||wi(p)| < 1− δ, ..., |z
1
i (p)| < 1− δ, ..., |z
n
i (p)| < 1− δ, |wi(p)| < 1} for
a sufficiently small δ.
Let Si|0(p) = wi(p) if V0 ∩ Ui 6= ∅ and Si|0(p) = 1 if V0 ∩ Ui = ∅ for p ∈ Ui. If we let
fik|0(p) :=
S1|0(p)
Sk|0(p)
, for p ∈ Ui ∩ Uk,
Ti|0(p) := [Λ0, logSi|0(p)]( i.e [Λ0, Si|0(p)] = Si|0(p)Ti|0(p)), for p ∈ Ui,
then the system ({fik|0(p)}, {Ti|0(p)}) defines the Poisson line bundle N0. Let {β1, ..., βm} be a basis of
H0(V0,N •0 |V0). Each βr is a holomorphic section of N0 over V0 and βr is written in the form via the
identification N0|Ui ∼= Ui × C,
βr : p 7→ (p, βri(p))
where βri(p) are holomorphic functions on V0 ∩ Ui satisfying
βri(p) = fik|0(p)βrk(p), for p ∈ V0 ∩ Ui ∩ Uk.(2.2.1)
−[Λ0, βri(p)]|V0 + βri(p)Ti|0(p) = 0, for p ∈ V0 ∩ Ui(2.2.2)
With this preparation, we prove
Theorem 2.2.3 (Theorem of existence). If V0 is Poisson semi-regular, then there exists a Poisson analytic
family V ⊂ (W ×M,Λ0)
ω
−→ M of compact holomorphic Poisson submanifolds of (W,Λ0) containing V0 as
the fibre ω−1(0) over 0 ∈M such that the characteristic map
ρd,0 : T0M → H
0(V0,N0|
•
V0)
∂
∂t
7→
(
∂Vt
∂t
)
t=0
is an isomorphism.
Proof. Let N be a spherical neighborhood of 0 on the space of m complex variables t1, ..., tm, where m =
dimH0(V0,N •0 |V0). In order to prove Theorem 2.2.3, it suffices to construct a system {Si(p, t)} of holomorphic
functions Si(p, t) defined on Ui×N and a system {fik(p, t)} of non-vanishing holomorphic functions fik(p, t)
defined on (Ui ∩Uk)×N and a system {Ti(p, t)} of holomorphic vector fields Ti(p, t) defined on Ui×N such
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that
Si(p, t) = fik(p, t)Sk(p, t), for p ∈ Ui ∩ Uk,(2.2.4)
[Λ0, Si(p, t)] = Si(p, t)Ti(p, t), for p ∈ Ui,(2.2.5)
Si(p, 0) = Si|0(p), fik(p, 0) = fik|0(p), Ti(p, 0) = Ti|0(p)(2.2.6)
Si(p, t) 6= 0, if V0 ∩ Ui = ∅(2.2.7)
∂Si(p, t)
∂tr
|t=0 = βri(p), r = 1, ...,m.(2.2.8)
We write Si(p, t), fik(p, t) and Ti(p, t) in the forms
Si(p, t) = Si|0(p) +
∞∑
µ=1
Si|µ(p, t), fik(p, t) = fik|0(p) +
∞∑
µ=1
fik|µ(p, t), Ti(p, t) = Ti|0(p) +
∞∑
µ=1
Ti|µ(p, t)
where Si|µ(p, t), fik|µ(p, t) and Ti|µ(p, t) are homogenous polynomials in t = (t1, ..., tm) of degree µ whose
coefficients are holomorphic functions on Ui, on Ui ∩ Uk, and holomorphic vector fields on Ui, respectively.
Let
Sµi (p, t) = Si|0(p) +
µ∑
λ=1
Si|λ(p, t)(2.2.9)
fµik(p, t) = fik|0(p) +
µ∑
λ=1
fik|λ(p, t)(2.2.10)
T µi (p, t) = Ti|0(p) +
µ∑
λ=1
Ti|λ(p, t)(2.2.11)
Notation 1. We write the power series expansion of a holomorphic function P (t) in t1, ..., tm defined on a
neighborhood of the origin 0 in the form : P (t) = P (t) + P1(t) + · · ·+Pµ(t) + · · · , where each Pµ(t) denotes
a homogenous polynomial of degree µ in t1, ..., tm. We set P
µ(t) := P (0) + P1(t) + · · · + Pµ(t). We write
[P (t)]µ for Pµ(t) when we substitute a complicated expression for P (t). For any power series P (t), and Q(t)
in t = (t1, ..., tm), we indicate P (t) ≡µ Q(t) that P (t)−Q(t) contains no term of degree ≤ µ in t.
By Notation 1, (2.2.4) and (2.2.5) are equivalent to the system of congruences
Sµi (p, t) ≡µ f
µ
ik(p, t)S
µ
k (p, t)(2.2.12)
[Λ0, S
µ
i (p, t)] ≡µ S
µ
i (p, t)T
µ
i (p, t), µ = 1, 2, 3, · · ·(2.2.13)
We will construct Si|µ(p, t), fik|µ(p, t) by induction on µ satisfying (2.2.12) and (2.2.13). We assume the
following special forms for Si|µ(p, t), µ ≥ 1:
(2.2.14) Si|µ(p, t) =
{
ψi|µ(zi(p), t), if V0 ∩ Ui 6= ∅
0, if V0 ∩ Ui = ∅
where zi(p) = (z
1
i (p), ..., z
n
i (p)) and ψi|µ(zi, t) is a homogeneous polynomial of degree µ in t whose coefficients
are holomorphic functions of zi = (z
1
i , ..., z
n
i ) defined on the polycylinder: |z
1
i | < 1, ..., |z
n
i | < 1.
We define ψi|1(zi, t) by
ψi|1(zi(p), t) =
m∑
r=1
trβri(p), p ∈ V0 ∩ Ui.(2.2.15)
and determine Si|0(p, t), S
1
i (p, t) by (2.2.14) and (2.2.9). By letting fik|1(p, t) =
Si|1(p,t)−fik|0(p)Sk|1(p,t)
Sk|0(p)
,
f1ik(p, t) = fik|0(p) + fik|1(p, t) is holomorphic in p and satisfies (2.2.12)1 (for the detail, see [KS59] p.486).
On the other hand, we note that [Λ0, S
1
i (p, t)] ≡1 S
1
i (p, t)T
1
i (p, t) is equivalent to [Λ0, Si|1(p, t)] =
Si|1(p, t)Ti|0(p) + Si|0(p)Ti|1(p, t). By letting
Ti|1(p, t) =
[Λ0, Si|1(p, t)]− Si|1(p, t)Ti|0(p)
Si|0(p)
,
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T 1i (p, t) = Ti|0(p) + Ti|1(p, t) is holomorphic in p by (2.2.2) and satisfies (2.2.13)1.
Now suppose that we have already constructed Sµi (p, t), f
µ
ik(p, t), T
µ
i (p, t) satisfying (2.2.12)µ and (2.2.13)µ
which imply that
fµik(p, t) ≡µ f
µ
ij(p, t)f
µ
jk(p, t)(2.2.16)
[Λ0, T
µ
i (p, t)] = 0(2.2.17)
[Λ0, f
µ
ik(p, t)] + f
µ
ik(p, t)T
µ
k (p, t)− f
µ
ik(p, t)T
µ
i (p, t) ≡µ 0(2.2.18)
We define homogenous polynomials ψik|µ+1(p, t) in t of degree µ+ 1 whose coefficients are in Γ(V0 ∩Ui ∩
Uk,OV0) and homogenous polynomials Wi|µ+1(p, t) of degree µ+1 whose coefficient are in Γ(Ui∩V0, TW |V0)
by
ψik|µ+1(p, t) ≡µ+1 f
µ
ik(p, t)S
µ
k (p, t)− S
µ
i (p, t) for p ∈ V0 ∩ Ui ∩ Uk(2.2.19)
Wi|µ+1(p, t) ≡µ+1 [Λ0, S
µ
i (p, t)]|V0 − S
µ
i (p, t)T
µ
i (p, t), for p ∈ V0 ∩ Ui(2.2.20)
Then we have (for the detail, see [KS59] p.487)
ψik|µ+1(p, t) = ψij|µ+1(p, t) + fij|0(p)ψjk|µ+1(p, t), for p ∈ V0 ∩ Ui ∩ Uj ∩ Uk(2.2.21)
On the other hand, let W˜i|µ+1(p, t) ≡µ+1 [Λ0, S
µ
i (p, t)] − S
µ
i (p, t)T
µ
i (p, t) for p ∈ Ui. Then from (2.2.17),
we obtain
[Λ0, W˜i|µ+1(p, t)] ≡µ+1 −[Λ0, S
µ
i (p, t)T
µ
i (p, t)] ≡µ+1 [Λ0, S
µ
i (p, t)] ∧ T
µ
i (p, t)− S
µ
i (p, t)[Λ0, T
µ
i (p, t)]
≡µ+1 W˜i|µ+1(p, t) ∧ T
µ
i (p, t) + S
µ
i (p, t)T
µ
i (p, t) ∧ T
µ
i (p, t)− S
µ
i (p, t)[Λ0, T
µ
i (p, t)]
≡µ+1 W˜i|µ+1(p, t) ∧ Ti|0(p)
By restricting to V0, equivalently by taking Si|0(p) = 0, we get
−[Wi|µ+1(p, t),Λ0]|V0 + (−1)
1Wi|µ+1(p, t) ∧ Ti|0(p) = 0(2.2.22)
Lastly, let Gik|µ+1(p, t) ≡µ+1 f
µ
ik(p, t)(T
µ
i (p, t)−T
µ
k (p, t))− [Λ0, f
µ
ik(p, t)]. We note that Gik|µ+1(p, t) ≡µ 0
from (2.2.18). Then we have, by restricting to V0, equivalently by taking Si|0(p) = 0,
[Λ0, ψik|µ+1(p, t)]|V0 ≡µ+1 [Λ0, f
µ
ik(p, t)S
µ
k (p, t)]|V0 − [Λ0, S
µ
i (p, t)]|V0
≡µ+1 f
µ
ik(p, t)[Λ0, S
µ
k (p, t)]|V0 + S
µ
k (p, t)[Λ0, f
µ
ik(p, t)]|V0 − [Λ0, S
µ
i (p, t)]|V0
≡µ+1 f
µ
ik(p, t)Wk|µ+1(p, t) + f
µ
ik(p, t)S
µ
k (p, t)T
µ
k (p, t) + S
µ
k (p, t)[Λ0, f
µ
ik(p, t)]|V0 −Wi|µ+1(p, t)− S
µ
i (p, t)T
µ
i (p, t)
≡µ+1 f
µ
ik(p, t)Wk|µ+1(p, t) + f
µ
ik(p, t)S
µ
k (p, t)T
µ
k (p, t) + S
µ
k (p, t)f
µ
ik(p, t)(T
µ
i (p, t)− T
µ
k (p, t))− S
µ
k (p, t)Gik|µ+1(p, t)
−Wi|µ+1(p, t)− S
µ
i (p, t)T
µ
i (p, t)
≡µ+1 f
µ
ik(p, t)Wk|µ+1(p, t)−Wi|µ+1(p, t) + (f
µ
ik(p, t)S
µ
k (p, t)− S
µ
i (p, t))T
µ
i (p, t)− Sk|0(p)Gik|µ+1(p, t)
≡µ+1 fik|0(p)Wk|µ+1(p, t)−Wi|µ+1(p, t) + ψik|µ+1(p, t)Ti|0(p)
Hence we obtain
−[ψik|µ+1(p, t),Λ0]|V0 + ψik|µ+1(p, t)Ti|0(p) + fik|0(p)Wk|µ+1(p, t)−Wi|µ+1(p, t) = 0(2.2.23)
Hence from (2.2.21), (2.2.22) and (2.2.23), (ψµ+1(t),Wµ+1(t)) := ({ψik|µ+1(p, t)}, {Wi|µ+1(p, t)}) defines
a 1-cocycle in the following Cˇech resolution of N •0 |V0 :
C0(U ∩ V0,N0|V0 ⊗ ∧
2TW |V0)
∇0|V0
x
C0(U ∩ V0,N0|V0 ⊗ TW |V0)
δ
−−−−→ C1(U ∩ V0,N0|V0 ⊗ TW |V0)
∇0|V0
x ∇0|V0x
C0(U ∩ V0,N0|V0)
−δ
−−−−→ C1(U ∩ V0,N0|V0)
δ
−−−−→ C2(U ∩ V0,N0|V0)
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Next we show that if (ψµ+1(t),Wµ+1(t)) vanishes identically, we can construct S
µ+1
i (p, t), f
µ+1
ik (p, t) and
T µ+1i (p, t) satisfying (2.2.12)µ+1 and (2.2.13)µ+1. Indeed, let us assume that (ψµ+1(t),Wµ+1(t)) vanishes
identically. Then there exists homogenous polynomials φi|µ+1(p, t) in t of degree µ+1 whose coefficients are
holomorphic functions on V0 ∩ Ui such that
ψik|µ+1(p, t) = φi|µ+1(p, t)− fik|0(p)φk|µ+1(p, t), p ∈ V0 ∩ Ui ∩ Uk,(2.2.24)
Wi|µ+1(p, t) = −[Λ0, φi|µ+1(p, t)]|V0 + φi|µ+1(p, t)Ti|0(p), p ∈ V0 ∩ Ui.(2.2.25)
We define ψi|µ+1(zi, t) := ψi|µ+1(zi(p), t) = φi|µ+1(p, t), p ∈ V0 ∩ Ui and determine Si|µ+1(p, t) by (2.2.14),
and Sµ+1i (p, t) by (2.2.9). We define fik|µ+1(p, t) ≡µ+1
Sµi (p,t)−f
µ
ik
(p,t)Sµ
k
(p,t)+Si|µ+1(p,t)−fik|0(p)Sk|µ+1(p,t)
Sk|0(p)
and
determine fµ+1ik (p, t) by (2.2.10). Then S
µ+1
i (p, t) and f
µ+1
ik (p, t) satisfy (2.2.12)µ+1 (for the detail, see [KS59]
p.488).
On the other hand, we note that from (2.2.25), we have
Wi|µ+1(p, t) = −[Λ0, Si|µ+1(p, t)]|V0 + Si|µ+1(p, t)Ti|0(p), p ∈ V0 ∩ Ui.(2.2.26)
We set
Ti|µ+1(p, t) :≡µ+1
Φµ(p, t)
Si|0(p)
=
[Λ0, S
µ
i (p, t)]− S
µ
i (p, t)T
µ
i (p, t) + [Λ0, Si|µ+1(p, t)]− Si|µ+1(p, t)Ti|0(p)
Si|0(p)
(2.2.27)
Then Φµ(p, t) ≡µ+1 0 for p ∈ V0 ∩Ui from (2.2.20) and (2.2.26) so that Ti|µ+1(p, t) are holomorphic in p and
we have, from (2.2.27),
[Λ0, S
µ
i (p, t) + Si|µ+1(p, t)] ≡µ+1 S
µ
i (p, t)T
µ
i (p, t) + Si|µ+1(p, t)Ti|0(p) + Si|0(p)Ti|µ+1(p, t)
≡µ+1 (S
µ
i (p, t) + Si|µ+1(p, t))(T
µ
i (p, t) + Ti|µ+1(p, t))
so that Sµ+1i (p, t) and T
µ+1
i (p, t) satisfy (2.2.13)µ+1.
Now we prove that (ψµ+1(t),Wµ+1(t)) vanishes identically if V0 is Poisson semi-regular. For this purposes
it suffices to construct a polynomial ({ηki(p, t)}, {ωi(p, t)}) in t of degree µ+1 with coefficients in H1(W,N •0 )
such that
ψik|µ+1(p, t) = ηik(p, t) for p ∈ V0 ∩ Ui ∩ Uk,(2.2.28)
Wi|µ+1(p, t) = ωi(p, t) for p ∈ V0 ∩ Ui.(2.2.29)
In fact, {ηik(p, t), ωi(p, t)} represents a polynomial (η(t), ω(t)) in t with coefficients in H
1(W,N •0 ), and
(2.2.28) and (2.2.29) imply that (ψµ+1(t),Wµ+1(t)) = r
∗
0(η(t), ω(t)). Hence we obtain (ψµ+1(t),Wµ+1(t))
vanishes if V0 is Poisson semi-regular.
Lemma 2.2.30 (see [KS59] Lemma 1 p.488). For each integer λ ≤ µ, there exist polynomials gik := gλik(p, t)
in t of degree λ whose coefficients are holomorphic functions in p defined on Ui ∩ Uk such that
fik|0(p) exp g
λ
ik(p, t) ≡λ f
λ
ik(p, t)(2.2.31)
We define polynomials fˆµ+1ik := fˆ
µ+1
ik (p, t) ≡µ+1 fik|0(p) exp g
µ
ik(p, t) in t of degree µ+1. Then fˆ
µ+1
ik (p, t) ≡µ
fµik(p, t) and S
µ
i (p, t) ≡µ fˆ
µ+1(p, t)Sµk (p, t). By letting ηik(p, t) ≡µ+1 fˆ
µ+1
ik (p, t)S
µ
k (p, t)−S
µ
i (p, t), we get (for
the detail, see [KS59] p.489)
ηik(p, t) = ηij(p, t) + fij|0(p)ηjk(p, t)(2.2.32)
On the other hand, writing fik := fik(p, t) and Ti := Ti(p, t), we note that from (2.2.18), we have
[Λ0, f
µ
ik] + f
µ
ik(T
µ
k − T
µ
i ) ≡µ 0. Since fik|0 exp(g
µ
ik) ≡µ f
µ
ik by (2.2.31), we have
[Λ0, fik|0 exp g
µ
ik] + fik|0 exp(g
µ
ik)(T
µ
k − T
µ
i ) ≡µ 0
⇐⇒ [Λ0, log(fik|0 exp g
µ
ik)] + (T
µ
k − T
µ
i ) ≡µ 0
⇐⇒ [Λ0, log fik|0] + [Λ0, g
µ
ik] + (T
µ
k − T
µ
i ) = 0
⇐⇒ [Λ0, fˆ
µ+1
ik ] + fˆ
µ+1
ik (T
µ
k − T
µ
i ) = 0(2.2.33)
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From (2.2.12), we have [Λ0, S
µ
i (p, t)] ≡µ S
µ
i (p, t)T
µ
i (p, t). We define ωi := ωi(p, t) ≡µ+1 [Λ0, S
µ
i (p, t)] −
Sµi (p, t)T
µ
i (p, t). Then we have from (2.2.33)
[Λ0, ηik] ≡µ+1 [Λ0, fˆ
µ+1
ik S
µ
k ]− [Λ0, S
µ
i ] ≡µ+1 S
µ
k [Λ0, f
µ+1
ik ] + fˆ
µ+1
ik [Λ0, S
µ
k ]− [Λ0, S
µ
i ]
≡µ+1 S
µ
k [Λ0, fˆ
µ+1
ik ] + fˆ
µ+1
ik S
µ
kT
µ
k + fik|0ωk − S
µ
i T
µ
i − ωi
≡µ+1 S
µ
k [Λ0, fˆ
µ+1
ik ] + fˆ
µ+1
ik S
µ
kT
µ
k + fik|0ωk + (ηik − fˆ
µ+1
ik S
µ
k )T
µ
i − ωi
≡µ+1 S
µ
k ([Λ0, fˆ
µ+1
ik ] + fˆ
µ+1
ik T
µ
k − fˆ
µ+1
ik T
µ
i ) + ηikTi|0 + fik|0ωk − ωi
≡µ+1 ηikTi|0 + fik|0ωk − ωi
so that we obtain the equality
−[ηik(p, t),Λ0] + ηik(p, t)Ti|0(p) + fik|0(p)ωk(p, t)− ωi(p, t) = 0, p ∈ Ui ∩ Uk.(2.2.34)
Lastly, we have from (2.2.17),
[Λ0, ωi] ≡µ+1 −[Λ0, S
µ
i T
µ
i ] ≡µ+1 [Λ0, S
µ
i ] ∧ T
µ
i − S
µ
i [Λ0, T
µ
i ] ≡µ+1 ωi ∧ T
µ
i + S
µ
i T
µ
i ∧ T
µ
i − S
µ
i [Λ0, T
µ
i ] ≡µ+1 ωi ∧ Ti|0
so that we obtain the equality
−[ωi(p, t),Λ0] + (−1)
1ωi(p, t) ∧ Ti|0(p) = 0, p ∈ Ui.(2.2.35)
Form (2.2.32), (2.2.34), and (2.2.35), ({ηik(p, t)}, {ωi(p, t)}) is a polynomial in t whose coefficients in
H1(W,N0). Then since S
µ
k (p, t) ≡0 0 for p ∈ V0 ∩ Uk, and fˆ
µ+1
ik (p, t) ≡µ f
µ
ik(p, t), we obtain
ηik(p, t) ≡µ+1 f
µ
ik(p, t)S
µ
k (p, t)− S
µ
i (p, t) ≡µ+1 ψik|µ+1(p, t), p ∈ V0 ∩ Uk,
ωi(p, t) ≡µ+1 [Λ0, S
µ
i (p, t)]|V0 − S
µ
i (p, t)T
µ
i (p, t) ≡µ+1 Wi|µ+1(p, t), p ∈ V0 ∩ Ui.
Hence when V0 is Poisson semi-regular, we can construct S
µ
i (p, t), f
µ
ik(p, t) and T
µ
i (p, t) satisfying (2.2.12)µ
and (2.2.13)µ by induction on µ, and therefore we obtain formal power sereis Si(p, t), fik(p, t) and Ti(p, t)
satisfying (2.2.4),(2.2.5),(2.2.6),(2.2.7) and (2.2.8).
2.3. Proof of convergence.
Notation 2. Consider a formal power series f(t) = f(p, t) =
∑
fh1h2···hm(p)(t1)
h1(t2)
h2 · · · (tm)hm whose
coefficients fh1h2···hm(p) are vector-valued holomorphic functions in p defined on a domain and a power series
a(t) =
∑
ah1h2···hm(t1)
h1(t2)
h2 · · · (tm)hm , ah1h1···hm ≥ 0. We indicate by f(p, t) ≪ a(t) that |fh1···hm(p)| <
ah1···hm . Let
A(t) =
b
64c
∞∑
µ=1
cµ(t1 + · · ·+ tm)µ
µ2
,
where b, c are positive constants. Then we have
A(t)v ≪
(
b
c
)v−1
A(t), v = 2, 3, · · · .(2.3.1)
We will show that the formal power series Si(t) := Si(p, t), fik(t) := fik(p, t) and Ti(t) := Ti(p, t) con-
structed in the previous subsection satisfy
Si(t)− Si|0 ≪ A(t), p ∈ Ui ∩ Uk,(2.3.2)
fik(t)− fik|0 ≪ c1A(t), p ∈ Ui,(2.3.3)
Ti(t)− Ti|0 ≪ d1A(t), p = (zi(p), wi(p)) ∈ Ui with |wi(p)| < 1, |zi(p)| < 1− δ ⇐⇒ p ∈ U
δ
i ,(2.3.4)
for some constants b, c, c1, d from Notation 2 and a sufficiently small number δ > 0 in the beginning of sub-
section 2.2. Here we write Ti(t) = Ti(p, t) by the form Ti(p, t) = T
1
i (p, t)
∂
∂z1i
+ · · ·T ni (p, t)
∂
∂zni
+T n+1i (p, t)
∂
∂wi
by which we consider Ti(p, t) a power series in t whose coefficients are vector-valued holomorphic functions
on Ui.
We may assume that |fik(p)| < c2, p ∈ Ui ∩Uk for some constant c2 > 0. Then S1i (t)− Si|0 ≪ A(t) if b is
sufficiently large.
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Suppose that
fµ−1ik (t)− fik|0 ≪ c1A(t), p ∈ Ui ∩ Uk(2.3.5)
Sµi (t)− Si|0 ≪ A(t), p ∈ Ui(2.3.6)
T µ−1i (t)− Ti|0 ≪ d1A(t), p = (zi(p), wi(p)) ∈ Ui with |wi(p)| < 1, |zi(p)| < 1− δ ⇐⇒ p ∈ U
δ
i(2.3.7)
First we show that fµik(t) − fik|0 ≪ c1A(t), p ∈ Ui ∩ Uk for some constant c1 > 0. We briefly summarize
Kodaira’s result in the following (see [KS59] p.491-492): by setting c1 =
2(c2+2)(c2+c
3
2)
ǫ for some sufficiently
small constant 0 < ǫ < 1, and assuming
c > 2bc1(1 + c
2
2),(2.3.8)
we get fµik(t)− fik|0 ≪ c1A(t), p ∈ Ui ∩ Uk.
Next we show that
T µi (t)− Ti|0 ≪ d1A(t), p ∈ U
δ
i(2.3.9)
for some constant d1 > 0. We may assume that
|Ti|0(p)| < d2, p ∈ Ui(2.3.10)
for some constant d2 > 0. We recall from (2.2.27) that
Ti|µ(p, t) ≡µ
[Λ0, S
µ−1
i ]− T
µ−1
i S
µ−1
i + [Λ0, Si|µ]− Ti|0Si|µ
Si|0
≡µ
[Λ0, S
µ
i ]− T
µ−1
i S
µ
i
Si|0
(2.3.11)
We estimate [Λ0, S
µ
i ]− T
µ−1
i S
µ
i . We note that
[Λ0, S
µ
i ]− T
µ−1
i S
µ
i = [Λ0,S
µ
i − Si|0]− (T
µ−1
i − Ti|0)(S
µ
i − Si|0) + [Λ0, Si|0]− Ti|0(S
µ
i − Si|0)− (T
µ−1
i − Ti|0)Si|0 − Ti|0Si|0
= [Λ0, S
µ
i − Si|0]− (T
µ−1
i − Ti|0)(S
µ
i − Si|0)− Ti|0(S
µ
i − Si|0)− (T
µ−1
i − Ti|0)Si|0(2.3.12)
We note that since [Λ0, S
µ
i ] − T
µ−1
i S
µ
i ≡µ−1 0, (T
µ−1
i − Ti|0)Si|0 contributes nothing to [Λ0, S
µ
i ] −
Sµi T
µ−1
i . Let us estimate [Λ0, S
µ
i − Si|0] in (2.3.12). Let Λ0 =
∑n+1
α,β=1Λ
i
αβ(xi)
∂
∂xαi
∧ ∂
∂xβi
with Λiαβ(xi) =
−Λiβα(xi), where xi = (wi, zi). We may assume that |Λ
i
αβ(xi)| < M for some positive constant M > 0.
[Λ0, S
µ
i − Si|0] =
∑n+1
α,β=1 2Λ
i
αβ(xi)
∂(Sµi −Si|0)
∂xαi
∂
∂xβi
. Let Bi(zi) := S
µ
i − Si|0. Then
∂Bi(zi)
∂wi
= 0 and ∂Bi∂zαi
=
1
2πi
∫
|ξ−zαi |=δ
Bi(z
1
i ,...,
α−th
ξ ,...,zni )
(ξ−zαi )
2 dξ ≪
A(t)
δ for (zi, wi) for |zi| < 1− δ, |wi| < 1. Then we obtain
[Λ0, S
µ
i − Si|0] =
n+1∑
α,β=1
2Λiαβ(xi)
∂Bi(zi)
∂xαi
∂
∂xβi
≪ 2(n+ 1)2M
A(t)
δ
(2.3.13)
Hence we have, from (2.3.12), (2.3.7), (2.3.13), (2.3.10) and (2.3.1),
[Λ0, S
µ
i ]− T
µ−1
i S
µ
i ≪
2(n+ 1)2M
δ
A(t) + d1A(t)
2 + d2A(t)≪ d3A(t), p ∈ U
δ
i ,(2.3.14)
where
d3 :=
2(n+ 1)2M
δ
+
d1b
c
+ d2 = d4 +
d1b
c
, where d4 :=
2(n+ 1)2M
δ
+ d2.(2.3.15)
We claim that
Ti|µ(t)≪
d3
ǫ
A(t), p ∈ U δi(2.3.16)
Indeed, from Si|0(p) = wi(p), (2.3.11) and (2.3.14), if |wi(p)| ≥ ǫ, Ti|µ(t) ≪
d3
ǫ A(t). If |wi(p)| < ǫ, we get
Ti|µ(t)≪
d3
ǫ A(t) by the maximum principle.
On the other hand, from (2.3.15), we have d3ǫ =
d4
ǫ +
d1b
ǫc . Now we set d1 =
2d4
ǫ . If we take
c >
2b
ǫ
,(2.3.17)
then we get d3ǫ <
d4
ǫ +
d4
ǫ = d1 so that we obtain (2.3.9) from (2.3.7) and (2.3.16).
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Lastly we show that
Sµ+1i (t)− Si|0 ≪ A(t), p ∈ Ui(2.3.18)
We note that (for the detail, see [KS59] p.493)
ψik|µ+1(t)≪
bc1
c
A(t), p ∈ V0 ∩ Ui ∩ Uk(2.3.19)
Recall from (2.2.25) thatWi|µ+1(p, t) ≡µ+1 [Λ0, S
µ
i (p, t)]|V0−S
µ
i (p, t)T
µ
i (p, t). Since [Λ0, S
µ
i ]−S
µ
i T
µ
i ≡µ 0,
we get [Λ0, S
µ
i ]−S
µ
i T
µ
i ≡µ+1 [Λ0, S
µ
i ]−(S
µ
i −Si|0)(T
µ
i −Ti|0)−S
µ
i Ti|0−Si|0(T
µ
i −Ti|0). Since [Λ0, S
µ
i ]−S
µ
i T
µ
i ≡µ
0, we obtain, from (2.3.6) and (2.3.9),
Wi|µ+1(p, t)≪
bd1
c
A(t), p ∈ V0 ∩ U
δ
i .(2.3.20)
Lemma 2.3.21 (compare [KS59] p.499). We can choose φi|µ+1(p, t) satisfying
ψik|µ+1(p, t) = φi|µ+1(p, t)− fik|0(p)φk|µ+1(p, t)
Wi|µ+1(p, t) = −[Λ0, φiµ+1(p, t)]|V0 + φi|µ+1Ti|0(p)
such that φi|µ+1 ≪ c4
(
bc1
c +
bd1
c
)
A(t), where the constant c4 is independent of µ.
Proof. For simplicity, we write Ui for V0 ∩ Ui, U δi for V0 ∩ U
δ
i , and let U = {Ui} be the covering of V0. For
any 0-cochain φ = {φi(p)}, 1-cochain ψ = {ψik(p),Wi(p)} on U , we define the norms of φ, (ψ,W ) by
||φ|| := max
i
sup
p∈Ui
|φi(p)|,
||(ψ,W )|| := max
i,k
sup
p∈Ui∩Uk
|ψik(p)|+max
i
sup
p∈Uδi
|Wi(p)|
The coboundary φ is defined by
fik(p)φk(p)− φi(p), p ∈ Ui ∩ Uk, −[φi(p),Λ0]|V0 + φi(p)Ti|0(p), p ∈ Ui
For any (ψ,W ), we define
ι(ψ,W ) = inf
δ(φ)=(ψ,W )
||φ||
It suffices to prove the existence of constant c such that ι(ψ,W ) ≤ c||(ψ,W )||. Assume that such a constant
c does not exist. Then we can find a sequence (ψ′,W ′), (ψ′′,W ′′), · · · , (ψµ,Wµ), · · · such that
ι(ψ(µ),W (µ)) = 1, ||(ψ(µ),W (µ))|| <
1
µ
We take a covering {U¯ δi } of V0. Since φ
µ
k (p) < 2 for p ∈ Uk, there exists a subsequence φ
(µ1), φ(µ2), · · · , φ(µv)
of φ′, φ′′, · · · such that φ
(µv)
k converges absolutely and uniformly on U¯
δ
k for each k. Since V0 is compact, we
can choose a subsequence that works for all k. On the other hand, since ||(ψ,W )|| < 1µ , we have in particular
|fik|0(p)φ
(µ)
k (p)− φ
(µ)
i (p)| <
1
µ
, p ∈ Ui ∩ Uk, | − [φ
(µ)
i (p),Λ0]|V0 + φ
(µ)
i (p)Ti|0(p)| <
1
µ
, p ∈ U δi(2.3.22)
Then φ
(µv)
i converges absolutely and uniformly on the whole Ui. Let φi(p) = limv φ
(µv)
i (p) and let
φ = {φi(p)}. Then we have ||φ(µv) − φ|| → 0 as n → ∞. On the other hand, from (2.3.22), we have
δφ = (0,Wφ), where Wφ(p) = 0 for p ∈ U δi . By identity theorem, Wφ(p) = 0 for p ∈ Ui. Hence we have
δ(φ(µv) − φ) = (ψ(µv),W (µv)) which contradicts to ι(ψ(µv),W (µv)) = 1. 
By Lemma 2.3.21, we can choose Si|µ+1(t)≪ c4
(
bc1
c +
bd1
c
)
A(t). We note (2.3.8) and (2.3.17). By setting
c > max{2bc1(1+ c22),
2b
ǫ , c4bc1+ c4bd1}, we get (2.3.18). Since the constants b, c, c1, d1 are independent of µ,
we have (2.3.2), (2.3.3), and (2.3.4). By letting N = {t|
∑m
r=1 |tr|
2 < c
2
m}, the power series Si(p, t), fik(p, t)
and Ti(p, t) converges absolutely and uniformly for t ∈ N so that Si(p, t), Ti(p, t) and fik(p, t) are holomorphic
on U δi ×N and U
δ
i ∩U
δ
k ×N , respectively, and satisfy (2.2.4), (2.2.5), (2.2.6), (2.2.7) and (2.2.8) by replacing
Ui by U
δ
i . This completes the proof of Theorem 2.2.3.

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2.4. Maximal families: Theorem of completeness.
Definition 2.4.1. Let V ⊂ (W ×M,Λ0)
ω
−→M be a Poisson analytic family of compact holomorphic Poisson
submanifolds of (W,Λ) of codimension 1 and let t0 be a point on M . We say that V
ω
−→M is maximal at t0
if, for any Poisson analytic family V ′ ⊂ (W ×M ′,Λ)
ω′
−→M ′ of compact holomorphic Poisson submanifolds
of (W,Λ0) of codimension 1 such that ω
−1(t0) = ω
′−1(t′0), t
′
0 ∈ M
′, there exists a holomorphic map h of a
neighborhood N ′ of t′0 on M
′ into M which maps t′0 to t0 such that ω
′−1(t′) = ω−1(h(t′)) for t′ ∈ N ′. We
note that if we set a Poisson map hˆ : (W ×N ′,Λ0)→ (W ×M,Λ0) defined by (w, t′)→ (w, h(t′)), then the
restriction map of hˆ to V ′|N ′ = ω′−1(N ′) ⊂ (W ×N ′,Λ) defines a Poisson map V ′|N ′ → V so that V ′|N ′ is
the family induced from V by h, which means V
ω
−→M is complete at t0.
Theorem 2.4.2 (Theorem of completeness). Let V ⊂ (W ×M,Λ0)
ω
−→ M be a Poisson analytic family of
compact holomorphic Poisson submanifolds of (W,Λ0) of codimension 1. If the characteristic map
ρd,0 : T0M → H
0(V0,N
•
0 |V0)
is an isomorphism, then the family V
ω
−→M is maximal at the point t = 0.
Proof. We extend the arguments in [KS59] p.494-496 in the context of holomorphic Poisson deformations.
We tried to maintain notational consistency with [KS59].
Suppose that M = {t|
∑m
r=1 |tr|
2 < 1} and that ρd,0 : T0M → H0(V0,N •0 |V0) is an isomorphism. Let
V ′ ⊂ (W ×M,Λ0)
ω′
−→ M ′ be an arbitrary Poisson analytic family of holomorphic Poisson submanifolds
of (W,Λ0) of codimension 1 such that ω
′−1(0) = V0, where M
′ = {s|
∑l
r=1 |sr|
2 < 1}. We will construct
a holomorphic map h : s → t = h(s) of N ′ into M with h(0) = 0 such that ω′−1(s) = ω−1(h(s)) where
N ′ = {s|
∑l
r=1 |sr|
2 < δ} ⊂M ′ for a sufficiently small number δ > 0.
We keep the notations of subsection 2.2 so that {Si(p, t)}, {fik(p, t)}, and {Ti(p, t)} determine the Poisson
analytics family V . Let {Ri(p, s)}, {eik(p, s)} and {Qi(p, t)} and be the corresponding system defining
V ′ ⊂ (W ×M ′,Λ0) so that we have
Si(p, t) = fik(p, t)Sk(p, t), [Λ0, Si(p, t)] = Si(p, t)Ti(p, t)(2.4.3)
Ri(p, s) = eik(p, s)Rk(p, s), [Λ0, Ri(p, s)] = Ri(p, s)Qi(p, s)(2.4.4)
We may assume that
Si(p, 0) = Ri(p, 0) = wi(p), fik(p, 0) = eik(p, 0) = fik|0(p), Ti(p, 0) = Ri(p, 0) = Ti|0(p).(2.4.5)
We expand Si(p, t) = wi(p)+Si|0(p, t)+Si|2(p, t)+· · · and let Si|1(p, t) =
∑m
r=1Bir(p)tr. Then the restriction
βir(p) of Bir(p) to V0 satisfy
βir(p) = fik|0(p)βkr(p), p ∈ V0 ∩ Ui ∩ Uk,(2.4.6)
−[βir(p),Λ0]|V0 + βir(p)Ti|0(p) = 0, p ∈ V0 ∩ Ui(2.4.7)
and {β1, ..., βm} forms a basis of H0(V0,N •0 |V0) by the hypothesis.
If there exist non-vanishing holomorphic functions fi(p, s) defined on Ui ×N ′ satisfying
fi(p, s)Ri(p, s) = Si(p, h(s)),(2.4.8)
we get ω′−1(s) = ω−1(h(s)). Recall Notation 1 and let us write h(s) and fi(p, s) in the following form:
h(s) = (h1(s) =
∞∑
µ=1
hr|µ(s), ..., hm(s) =
∞∑
µ=1
hr|µ(s)), fi(p, s) = 1 +
∞∑
µ=1
fi|µ(p, s),
We will construct such fi(p, s) and h(s) satisfying (2.4.8) by solving the system of congruences by induction
on µ
fµi (p, s)Ri(p, s) ≡µ Si(p, h
µ(s)), µ = 0, 1, 2, · · · .(2.4.9)
(2.4.9)0 follows from (2.4.5). Now assume that h
µ−1(s) and fµ−1i (p, s) satisfying (2.4.9)µ−1 are already
determined. We will find hµ(s) and fi|µ(p, s) such that h
µ := hµ−1(s) + hµ(s) and f
µ
i (p, s) := f
µ−1
i (p, s) +
fi|µ(p, s) satisfy (2.4.9)µ. We can define homogenous polynomials Γi|µ(p, s) of degree µ in s by
Γi|µ(p, s) ≡µ f
µ−1
i (p, s)Ri(p, s)− Si(p, h
µ−1(s)), p ∈ Ui(2.4.10)
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Then we claim that
Γi|µ(p, s) = fik|0(p)Γk|µ(p, s), p ∈ V0 ∩ Ui ∩ Uk(2.4.11)
[Λ0,Γi|µ(p, s)]|wi(p)=0 = Γi|µ(p, s)Ti|0(p), p ∈ V0 ∩ Ui(2.4.12)
Indeed, (2.4.11) follows from [KS59] p.496. On the other hand, to prove (2.4.12), we remark that
[Λ0, f
µ−1
i (p, s)] +Qi(p, s)f
µ−1
i (p, s)− f
µ−1
i (p, s)Ti(p, h
µ−1(p, s)) ≡µ−1 0(2.4.13)
Indeed, by applying [Λ0,−] on f
µ−1
i (p, s)Ri(p, s) ≡µ−1 Si(p, h
µ−1(s)) in (2.4.9)µ−1, we get, from (2.4.3),
(2.4.4), and (2.4.9)µ−1,
[Λ0, f
µ−1
i (p, s)]Ri(p, s) + [Λ0, Ri(p, s)]f
µ−1
i (p, s) ≡µ−1 [Λ0, Si(p, h
µ−1(s))] ⇐⇒
[Λ0, f
µ−1
i (p, s)]Ri(p, s) +Ri(p, s)Qi(p, s)f
µ−1
i (p, s) ≡µ−1 Si(p, h
µ−1(s))Ti(p, h
µ−1(s)) ≡µ−1 f
µ−1
i (p, s)Ri(p, s)Ti(p, h
µ−1(s))
⇐⇒ ([Λ0, f
µ−1
i (p, s)] +Qi(p, s)f
µ−1
i (p, s)− f
µ−1
i (p, s)Ti(p, h
µ−1(p, s)))Ri(p, s) ≡µ−1 0
which proves (2.4.13). By using (2.4.13), we get, from (2.4.10)µ, (2.4.3), and (2.4.4),
[Λ0,Γi|µ(p, s)] ≡µ [Λ0, f
µ−1
i (p, s)Ri(p, s)]− [Λ0, Si(p, h
µ−1(s))]
(2.4.14)
≡µ [Λ0, f
µ−1
i (p, s)]Ri(p, s) + [Λ0, Ri(p, s)]f
µ−1
i (p, s)− [Λ0, Si(p, h
µ−1(s))]
≡µ [Λ0, f
µ−1
i (p, s)]Ri(p, s) +Ri(p, s)Qi(p, s)f
µ−1
i (p, s)− Si(p, h
µ−1(s))Ti(p, h
µ−1(s))
≡µ [Λ0, f
µ−1
i (p, s)]Ri(p, s) +Ri(p, s)Qi(p, s)f
µ−1
i (p, s) + Γi|µ(p, s)Ti|0(p)− f
µ−1
i (p, s)Ri(p, s)Ti(p, h
µ−1(s))
≡µ ([Λ0, f
µ−1
i (p, s)] +Qi(p, s)f
µ−1
i (p, s)− f
µ−1
i (p, s)Ti(p, h
µ−1(p, s)))Ri(p, 0) + Γi|µ(p, s)Ti|0(p)
By restricting (2.4.14) to V0 (i.e by setting Si(p, 0) = Ri(p, 0) = wi(p)), we obtain
[Λ0,Γi|µ(p, s)]|wi(p)=0 ≡µ Γi|µ(p, s)Ti|0(p), p ∈ V0 ∩ Ui.(2.4.15)
This proves (2.4.12). From (2.4.11) and (2.4.12), there exist homogenous polynomials hr|µ of degree µ in s
such that
m∑
r=1
βir(p)hr|µ(s) = Γi|µ(p, s), p ∈ V0 ∩ Ui(2.4.16)
From hµr (s) = h
µ−1
r (s) + hr|µ(s), the congruence (2.4.9)µ is equivalent to (for the detail, see [KS59] p.496)
m∑
r=1
Bir(p)hr|µ(s) = wi(p)fi|µ(p, s) + Γi|µ(p, s)(2.4.17)
By setting fi|µ(p, s) :=
∑m
r=1 Bir(p)hr|µ(s)−Γi|µ(p,s)
wi(p)
, we get (2.4.17), which completes the inductive construction
of hµ(s) and fµi (p, s) satisfying (2.4.9)µ. 
2.5. Proof of convergence.
The convergence of hr(s), fi(p, s) follows from the same arguments in [KS59] p.497-498, which completes
Theorem 2.4.2.
3. Deformations of compact holomorphic Poisson submanifolds of arbitrary codimensions
We extend Definition 2.0.26 to arbitrary codimensions.
Definition 3.0.1 (compare [Kod62]). Let (W,Λ0) be a holomorphic Poisson manifold of dimension d + r.
We denote a point in W by w and a local coordinate of w by (w1, ..., wr+d). By a Poisson analytic family
of compact holomorphic Poisson submanifolds of (W,Λ0) we mean a holomorphic Poisson submanifold V ⊂
(W ×M,Λ0) of codimension r, where M is a complex manifold and Λ0 is the holomorphic Poisson structure
on W ×M induced from (W,Λ0), such that
(1) for each point t ∈ M , Vt × t := ω−1(t) = V ∩ π−1(t) is a connected compact holomorphic Poisson
submanifold of (W × t,Λ0) of dimension d, where ω : V →M is the map induced from the canonical
projection π :W ×M →M .
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(2) for each point p ∈ V, there exist r holomorphic functions fα(w, t), α = 1, ..., r defined on a neighbor-
hood Up of p in W ×M such that rank
∂(f1,...,fr)
∂(w1,...wr+d)
= r, and Up ∩ V is defined by the simultaneous
equations fα(w, t) = 0, α = 1, ..., r.
We call V ⊂ (W ×M,Λ0) a Poisson analytic family of compact holomorphic Poisson submanifolds Vt, t ∈M
of (W,Λ0). We also call V ⊂ (W×M,Λ0) a Poisson analytic family of deformations of a compact holomorphic
Poisson submanifold Vt0 of (W,Λ0) for each fixed point t0 ∈M .
3.1. The complex associated with the normal bundle of a holomorphic Poisson submanifold in
a holomorphic Poisson manifold.
Let (W,Λ0) be a holomorphic Poisson manifold and V be a holomorphic Poisson submanifold of (W,Λ0).
Let U = {Wi} be a open covering such that Wi is a polycylinder with a local coordinate (wi, zi) =
(w1i , ..., w
r
i , z
1
i , ..., z
d
i ) such that Wi = {(wi, zi)||wi| < 1, |zi| < 1}, where |wi| = maxλ |w
λ
i |, |zi| = maxα |z
α
i |,
the local coordinate (wi, zi) can be extended to a domain containing the closure of Wi and on each neighbor-
hood Wi, V ∩Wi coincides with the subspace of Wi determined by w1i = · · · = w
r
i = 0. On the intersection
Wi ∩Wk, the coordinates w1i , ..., w
r
i , z
1
i , ..., z
d
i are holomorphic functions of wk and zk: w
α
i = f
α
ik(wk, zk), α =
1, ..., r, zλi = g
λ
ik(wk, zk), λ = 1, ..., d. We set fik(wk, zk) := (f
1
ik(wk, zk), · · · f
r
ik(wk, zk)) and gik(wk, zk) =
(g1ik(wk, zk), · · · , g
d
ik(wk, zk)) so that we write the formula in the form wi = fik(wk, zk), zi = gik(wk, zk).
Then we have fik(0, zk) = 0 and so w
α
i = f
α
ik(wk, zk) has the following form:
wαi = f
α
ik(wk, zk) =
r∑
β=1
wβkF
α
ikβ(wk, zk)(3.1.1)
We set Ui = V ∩Wi = {(0, zi)||zi| < 1}. We denote a point of V by z and if z = (0, zi) ∈ Ui, we consider
zi = (z
1
i , ..., z
d
i ) as the coordinate of z on Ui. We indicate by writing z = (0, zk) ∈ Uk ∩ Ui that z is a point
in Uk ∩ Ui whose coordinate on Uk is zk. We note that
Fαikβ(0, zk) =
∂fαik(wk, zk)
∂wβk
|wk=0, z = (0, zk) ∈ Ui ∩ Uk,(3.1.2)
and let Fik(z) := (F
α
ikβ(0, z))α,β=1,...,r. Then the matrix valued functions Fik(z) satisfy Fik(z) = Fij(z)Fjk(z)
for z ∈ Ui ∩ Uj ∩ Uk so that they define the normal bundle NV/W .
On the other hand, since V is a holomorphic Poisson submanifold of (W,Λ0), [Λ0, w
α
i ] is of the form
[Λ0, w
α
i ] =
r∑
β=1
wβi T
β
iα(wi, zi)(3.1.3)
where T βiα(wi, zi) =
∑r
γ=1 P
1
iαβ(wi, zi)
∂
∂w1i
+ · · ·+P riαβ(wi, zi)
∂
∂wri
+Q1iαβ(wi, zi)
∂
∂z1i
+ · · ·+Qdiαβ(wi, zi)
∂
∂zdi
∈
Γ(Wi, TW ) by which we consider T
β
iα(wi, zi) a vector-valued holomorphic function on Wi. Then on Wi ∩Wk,
we have
[Λ0, w
α
i ] =
r∑
β=1
wβi T
β
iα(wi, zi) =
r∑
β=1
fβik(wk, zk)T
β
iα(wi, zi)(3.1.4)
On the other hand, from (3.1.1) and (3.1.3),
[Λ0, w
α
i ] =
r∑
β=1
wβk [Λ0, F
α
ikβ(wk, zk)] +
r∑
β=1
Fαikβ(wk, zk)[Λ0, w
β
k ](3.1.5)
=
r∑
β=1
wβk [Λ0, F
α
ikβ(wk, zk)] +
r∑
β,γ=1
Fαikβ(wk, zk)w
γ
kT
γ
kβ(wk, zk)
By taking the derivative of (3.1.4) and (3.1.5) with respect to wγk and setting wk = 0, we get from (3.1.2),
on Γ(Ui ∩ Uk, TW |V ),
r∑
β=1
F βikγ(0, zk)T
β
iα(0, zi) = [Λ0, F
α
ikγ (0, zk)]|wk=0 +
r∑
β=1
Fαikβ(0, zk)T
γ
kβ(0, zk)(3.1.6)
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On the other hand, from (3.1.3), we have
0 = [Λ0, [Λ0, w
α
i ]] =
r∑
β=1
[Λ0, w
β
i T
β
iα(wi, zi)] =
r∑
β=1
wβi [Λ0, T
β
iα(wi, zi)]− [Λ0, w
β
i ] ∧ T
β
iα(wi, zi)
=
r∑
β=1
wβi [Λ0, T
β
iα(wi, zi)]−
r∑
β,γ=1
wγi T
γ
iβ(wi, zi) ∧ T
β
iα(wi, zi)
=
r∑
β=1
wβi
(
[Λ0, T
β
iα(wi, zi)]−
r∑
γ=1
T βiγ(wi, zi) ∧ T
γ
iα(wi, zi)
)
(3.1.7)
By taking the derivative of (3.1.7) with respect to wβi and setting wi = 0, we get, on Γ(Ui, TW |V ),
[Λ0, T
β
iα(0, zi)]|wi=0 −
r∑
γ=1
T βiγ(0, zi) ∧ T
γ
iα(0, zi) = 0(3.1.8)
Now we define a complex of sheaves associated with the normal bundle NV/W :
NV/W
∇
−→ NV/W ⊗ TW |V
∇
−→ NV/W ⊗ ∧
2TW |V
∇
−→ NV/W ⊗ ∧
3TW |V
∇
−→ · · ·
First we define ∇ : NV/W → NV/W⊗TV |W and then extend to∇ : NV/W⊗∧
pTW |V → NV/W⊗∧
p+1TW |V
in the following. We note that Γ(Ui,NW/V ) ∼= ⊕
rΓ(Ui,OV ) and Γ(Ui,NV/W ⊗ TW |V ) ∼= ⊕
rΓ(Ui, TW |V ).
Using these isomorphism, we define ∇ on NV/W by the rule
∇(eαi ) :=
r∑
β=1
Tαiβ(0, zi)e
β
i
where eαi = (0, · · · ,
α−th
1 , · · · , 0) ∈ ⊕ri=1Γ(Ui,OV ). In general, we define
∇ : ⊕rΓ(Ui,OV )→ ⊕
rΓ(Ui, TW |V )
r∑
α=1
gαi e
α
i 7→
r∑
α=1
−[gαi ,Λ0]|wi=0 · e
α
i +
r∑
α=1
gαi ∇(e
α
i ) =
r∑
α=1

−[gαi ,Λ0]|wi=0 + r∑
β=1
gβi T
β
iα(0, zi)

 eαi
where gαi ∈ Γ(Ui,OV ).
We extend ∇ on NV/W ⊗ ∧
pTW |V . NV/W ⊗ ∧
pTW |V
∇
−→ NV/W ⊗ ∧
p+1TW |V is locally defined in the
following way: we note that Γ(Ui,NV/W ⊗ ∧
pTW |V ) ∼= ⊕rΓ(Ui,∧pTW |V ) and Γ(Ui,NV/W ⊗ ∧
p+1TW |V ) ∼=
⊕rΓ(Ui,∧p+1TW |V ). From these isomorphism, we define ∇ by the rule
∇ : ⊕rΓ(Ui,∧
pTW |V )→ ⊕
rΓ(Ui,∧
p+1TW |V )
r∑
α=1
gαi e
α
i 7→
r∑
α=1
−[gαi ,Λ0]|wi=0 · e
α
i + (−1)
p
r∑
α=1
gαi ∧ ∇(e
α
i )
=
r∑
α=1

−[gαi ,Λ0]|wi=0 + (−1)p r∑
β=1
gβi ∧ T
β
iα(0, zi)

 eαi
where gαi ∈ Γ(Ui,∧
pTW |V ).
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First we show that ∇ defines a complex, i.e. ∇ ◦∇ = 0. Indeed,
∇ ◦∇(
r∑
α=1
gαi e
α
i ) = ∇(
r∑
α=1

−[gαi ,Λ0]|wi=0 + (−1)p r∑
β=1
gβi ∧ T
β
iα(0, zi)

 eαi )
= −[(−1)p
r∑
β=1
gβi ∧ T
β
iα(0, zi),Λ0]|wi=0 · e
α
i + (−1)
p+1
r∑
α=1

−[gαi ,Λ0]|wi=0 + (−1)p r∑
β=1
gβi ∧ T
β
iα(0, zi)

∇(eαi )
= (−1)p+1
r∑
α,β=1
[gβi ∧ T
β
iα(0, zi),Λ0]|wi=0e
α
i + (−1)
p
r∑
α,β=1
[gβi ,Λ0]|wi=0 ∧ T
β
iα(0, zi)e
α
i −
r∑
α,β,γ=1
gβi ∧ T
β
iγ(0, zi) ∧ T
γ
α (0, zi)e
α
i
Hence in order to show ∇ ◦∇ = 0, we have to show that
(−1)p+1
r∑
β=1
[gβi ∧ T
β
iα(0, zi),Λ0]|wi=0 + (−1)
p
r∑
β=1
[gβi ,Λ0]|wi=0 ∧ T
β
iα(0, zi)−
r∑
β,γ=1
gβi ∧ T
β
iγ(0, zi) ∧ T
γ
iα(0, zi) = 0
(3.1.9)
Indeed, from (3.1.8), (3.1.9) becomes
(−1)p+1
r∑
β=1
[gβi ,Λ0]|wi=0 ∧ T
β
iα(0, zi) + (−1)
p+1+p
r∑
β=1
gβi ∧ [T
β
iα(0, zi),Λ0]|wi=0
+(−1)p
r∑
β=1
[gβi ,Λ0]|wi=0 ∧ T
β
iα(0, zi)−
r∑
β,γ=1
gβi ∧ T
β
iγ(0, zi) ∧ T
γ
iα(0, zi)
=
r∑
β=1
gβi ∧ [Λ0, T
β
iα(0, zi)]|wi=0 −
r∑
β,γ=1
gβi ∧ T
β
iγ(0, zi) ∧ T
γ
iα(0, zi)
=
r∑
β=1
gβi
(
[Λ0, T
β
iα(0, zi)]|wi=0 −
r∑
γ=1
T βiγ(0, zi) ∧ T
γ
iα(0, zi)
)
= 0
Hence ∇ ◦∇ = 0.
Next we show ∇ is well-defined. In other words, on Ui ∩ Uk, the following diagram commutes
(3.1.10)
Γ(Uk,NW/V ⊗ ∧
pTW/V ) ∼= ⊕
rΓ(Uk,∧pTW |V )
on Ui ∩ Uk−−−−−−−→
∼=
Γ(Ui,NW/V ⊗ ∧
pTW/V ) ∼= ⊕
rΓ(Ui,∧pTW |V )
∇
y y∇
Γ(Uk,NW/V ⊗ ∧
p+1TW/V ) ∼= ⊕
rΓ(Uk,∧p+1TW/V )
on Ui ∩ Uk−−−−−−−→
∼=
Γ(Ui,NW/V ⊗ ∧
p+1TW/V ) ∼= ⊕
rΓ(Ui,∧p+1TW/V )
Let
∑r
α=1 g
α
k e
α
k ∈ ⊕
rΓ(Uk,∧pTW |V ). Then ∇(
∑r
α=1 g
α
k e
α
k ) =
∑r
α=1(−[g
α
k ,Λ0]|wk=0 + (−1)
p
∑r
β=1 g
β
k ∧
T βkα(0, zk))e
α
k is identified on Ui ∩ Uk with
r∑
γ=1

 r∑
α=1
−F γikα(0, zk)[g
α
k ,Λ0]|wk=0 + (−1)
p
r∑
α,β=1
F γikα(0, zk)g
β
k ∧ T
β
kα(0, zk)

 eγi(3.1.11)
On the other hand,
∑r
α=1 g
α
k e
α
k is identified on Ui ∩ Uk with
∑r
α,γ=1(F
γ
ikα(0, zk)g
α
k )e
γ
i ∈ ⊕
rΓ(Ui,∧pTW |V )
and
∇(
r∑
α,γ=1
(F γikα(0, zk)g
α
k )e
γ
i ) =
r∑
γ=1

 r∑
α=1
−[F γikα(0, zk)g
α
k ,Λ0]|wk=0 + (−1)
p
r∑
α,β=1
F βikα(0, zk)g
α
k ∧ T
β
iγ(0, zi)

 eγi
(3.1.12)
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Hence in order for the diagram (3.1.10) to commute, we have to show that (3.1.11) coincides with (3.1.12):
(−1)p
r∑
α,β=1
F γikα(0, zk)g
β
k ∧ T
β
kα(0, zk) =
r∑
α=1
−[F γikα(0, zk),Λ0]|wk=0 ∧ g
α
k + (−1)
p
r∑
α,β=1
F βikα(0, zk)g
α
k ∧ T
β
iγ(0, zi) = 0
⇐⇒
r∑
α,β=1
F γikβ(0, zk)T
α
kβ(0, zk) ∧ g
α
k =
r∑
α=1
−[F γikα(0, zk),Λ0]|wk=0 ∧ g
α
k +
r∑
α,β=1
F βikα(0, zk)T
β
iγ(0, zi) ∧ g
α
k = 0
which follows from (3.1.6). Therefore ∇ is well-defined.
Definition 3.1.13. We call the complex defined as above
N •V/W : NV/W
∇
−→ NV/W ⊗ TW |V
∇
−→ NV/W ⊗ ∧
2TW |V
∇
−→ NV/W ⊗ ∧
3TW |V
∇
−→ · · ·
the complex associated with the normal bundle NV/W of a holomorphic Poisson submanifold V of a holo-
morphic Poisson manifold W and denote its i-th hypercohomology group by Hi(V,N •V/W ).
Example 1. On W = C3, let (z, w1, w2) be a coordinate and Λ0 = w1z
∂
∂w1
∧ ∂∂w2 be a holomorphic Poisson
structure on C3. Then w1 = w2 = 0 is a holomorphic Poisson submanifold V = C with coordinate z so that
the normal bundle is NV/W ∼= OC ⊕OC. Then [Λ0, w1] = w1z
∂
∂w2
and [Λ0, w2] = w1(−z
∂
∂w1
) so that we get
T 11 (z) = z
∂
∂w2
, T 21 (z) = 0 and T
1
2 (z) = −z
∂
∂w1
, T 22 (z) = 0. Since [Λ0, fi(z)]|w1=w2=0 = 0 for entire functions
fi(z), i = 1, 2, we have ∇(f1e1+f2e2) = (f1T 11 (z)+f2T
2
1 (z))e1+(f1T
1
2 (z)+f2T
2
2 (z))e2 = (f1z
∂
∂w2
,−f1z
∂
∂w1
)
so that H0(V,N •V/W ) = {(0, f2(z))|f2(z) is an entire function}.
3.2. Infinitesimal deformations.
Let M1 = {t = (t1, ..., tl) ∈ C
l||t| < 1}. Consider a Poisson analytic family V ⊂ (W × M1,Λ0) of
compact holomorphic Poisson submanifolds Vt, t ∈M1 of (W,Λ0) and let V = V0 as in Definition 3.0.1. We
keep the notations in subsection 3.1. Let ǫ be a sufficiently small positive number. Then for |t| < ǫ, the
holomorphic Poisson submanifold Vt of W is defined in each neighborhood Wi by simultaneous equations of
the form wλi = ϕ
λ
i (zi, t), λ = 1, ..., r where the ϕ
λ
i (zi, t) are holomorphic functions of zi, |zi| < 1, depending
holomorphically on t, |t| < ǫ, and satisfying the boundary conditions ϕλi (zi, 0) = 0, λ = 1, ..., r. By setting
ϕi(zi, t) = (ϕ
1
i (zi, t), · · · , ϕ
r
i (zi, t)), we write the simultaneous equation as wi = ϕi(zi, t). Then we have
ϕi(gik(ϕk(zk, t), zk), t) = fik(ϕk(zk, t), zk). For each t, |t| < ǫ, we set wλti = w
λ
i − ϕ
λ
i (zi, t), λ = 1, .., r so
that (w1ti, ..., w
r
ti, z
1
i , ..., z
d
i ) form a local coordinate defined on Wi. We define Ftik(zt) :=
(
∂wλti
∂wµ
tk
(zt)
)
λ,µ=1,...,r
for zt ∈ Vt ∩Wi ∩Wk, where we denote by (
∂wλti
∂wµ
tk
(zt)) the value of the partial derivative
∂wλti
∂wµ
tk
at a point zt
on Vt. Then the collection {Ftik(zt)} of Ftik(zt) forms a system of transition matrices defining the normal
bundle Ft of Vt in W . Note that F0ik(z) = Fik(z) for z ∈ Ui ∩ Uk from (3.1.2).
Take an arbitrary tangent vector ∂∂t =
∑
ρ γρ
∂
∂tρ
of M1 at t, |t| < ǫ, and let ψi(zt, t) =
∂ϕi(zi,t)
∂t
for zt = (ϕi(zi, t), zi). Then we obtain the equality
ψi(zt, t) = Ftik(zt) · ψk(zt, t), for zt ∈ Vt ∩Wi ∩Wk.(3.2.1)
On the other hand, wi − ϕi(zi, t) = 0 define a holomorphic Poisson submanifold, we have
[Λ0, w
λ
i − ϕ
λ
i (zi, t)] =
r∑
µ=1
(wµi − ϕ
µ
i (zi, t))T
µ
iλ(w, zi, t)(3.2.2)
for some T µi (wi, zi, t) which is of the form
T µiλ(wi, zi, t) = P
µ
i1(wi, zi, t)
∂
∂w1i
+ · · ·+ Pµir(wi, zi, t)
∂
∂wri
+Qµi1(wi, zi, t)
∂
∂z1i
+ · · ·+Qµid(wi, zi, t)
∂
∂zdi
by which we consider T µiλ(wi, zi, t) as a vector valued holomorphic function of (wi, zi, t).
By taking the derivative of (3.2.2) with respect to t, we get [Λ0,−
∂ϕλi (zi,t)
∂t ] =
∑r
µ=1−
∂ϕµi (zi,t)
∂t T
µ
iλ(w, zi, t)+∑r
µ=1(w
λ
i − ϕ
µ
i (zi, t))
∂Tµ
iλ
(w,zi,t)
∂t . By restricting to Vt, equivalently setting wi − ϕi(zi, t) = 0, we get, on
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Γ(Wi ∩ Vt, TW |Vt),
−[Λ0,
∂ϕλi (zi, t)
∂t
]|Vt +
r∑
µ=1
∂ϕµi (zi, t)
∂t
T µiλ(ϕi(zi, t), zi, t) = 0 ⇐⇒ −[ψ
λ
i (zi, t),Λ0]|Vt +
n∑
µ=1
ψµi (zi, t)T
µ
iλ(ϕi(zi, t), zi, t) = 0
(3.2.3)
From (3.2.1) and (3.2.2), {ψi(zi, t)} defines an element in H0(Vt,N •V/Wt) so that we have a linear map
σt : Tt(M1)→ H
0(Vt,N
•
Vt/W
)
∂
∂t
7→
∂Vt
∂t
:= {ψi(zt, t)}
We call σt the characteristic map.
Example 2. Let [ξ0, ξ1, ξ2, ξ3] be the homogenous coordinate on P
3
C
. Let [1, z1, z2, z2] = [1,
ξ1
ξ0
, ξ2ξ0 ,
ξ3
ξ0
]. Then
V ⊂ (P3
C
×C,Λ0 = z1
∂
∂z1
∧ ∂∂z2 ) defined by ξ1 = ξ3− tξ0 = 0 is a Poisson analytic family of deformations of a
holomorphic Poisson submanifold P1
C
∼= V : ξ1 = ξ3 = 0 of (P3,Λ0). We note that NP1
C
/P3
C
∼= OP1
C
(1)⊕OP1
C
(1)
so that we have the characteristic map
T0C→ H
0(V,N •V/P3
C
) = H0(P1C, (OP1
C
(1)⊕OP1
C
(1))•)
a 7→ (0, a) = (0 + 0 · z2, a+ 0 · z2)
3.3. Theorem of existence.
Theorem 3.3.1 (theorem of existence). Let V be a compact holomorphic Poisson submanifold of a holo-
morphic Poisson manifold (W,Λ0). If H
1(V,N •V/W ) = 0, then there exists a Poisson analytic family V of
compact holomorphic Poisson submanifolds Vt, t ∈ M1 of (W,Λ0) such that V0 = V and the characteristic
map
σ0 : T0(M1)→ H
0(V,N •V/W )
∂
∂t
7→
(
∂Vt
∂t
)
t=0
is an isomorphism.
Proof. We extend the arguments in [Kod62] p.150-158 in the context of holomorphic Poisson deformations.
We tried to keep notational consistency with [Kod62]. We also keep the notations in subsection 3.1.
Let {γ1, ..., γρ, ..., γl} be a basis of H0(V,N •V/W ), where l = dimH
0(V,N •V/W ). On each neighborhood
Ui = V ∩Wi, γρ is represented as a vector-valued holomorphic function
γρi = (γ
1
ρi(zi), ..., γ
α
ρi(zi), ..., γ
r
ρi(zi)) ∈ ⊕
rΓ(Ui,OV )
such that
γρi(z) = Fik(z) · γρk(z), z ∈ Ui ∩ Uk(3.3.2)
−[Λ0,γ
α
ρi(zi)]|wi=0 +
r∑
β=1
γβρi(zi)T
β
iα(0, zi) = 0, zi ∈ Ui, α = 1, ..., r.(3.3.3)
Let ǫ be a small positive number. In order to prove Theorem 3.3.1, it suffices to construct vector-valued
holomorphic functions
ϕi(zi, t) = (ϕ
1
i (zi, t), ..., ϕ
r
i (zi, t))
in zi, and t with |zi| < 1, |t| < ǫ, with |ϕi(zi, t)| < 1 satisfying the boundary condition
ϕi(zi, 0) = 0,
∂ϕi(zi, t)
∂tρ
|t=0 = γρi(z)
such that
ϕi(gik(ϕk(zk, t), zk), t) = fik(ϕ(zk, t), zk), (ϕk(zk, t), zk) ∈Wk ∩Wi,(3.3.4)
[Λ0, w
α
i − ϕ
α
i (zi, t)]|wi=ϕi(zi,t) = 0, α = 1, ..., r(3.3.5)
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Recall Notation 1. Then the equalities (3.3.4) and (3.3.5) are equivalent to the system of congruences
ϕmi (gik(ϕ
m
k (zk, t), zk), t) ≡m fik(ϕ
m
k (zk, t), zk), m = 1, 2, 3, · · ·(3.3.6)
[Λ0, w
α
i − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t) ≡m 0, m = 1, 2, 3, · · · , α = 1, ..., r.(3.3.7)
We will construct the formal power series ϕmi (zi, t) satisfying (3.3.6)m and (3.3.7)m by induction on m.
We define ϕαi|1(zi, t) =
∑l
ρ=1 tργ
α
ρi(zi), α = 1, ..., r. Then from (3.3.2), ϕi|1(zi, t) satisfies (3.3.6)1. On the
other hand, since [Λ0, γ
α
ρi(zi)]|wi=0 =
∑r
β=1 γ
β
ρi(zi)T
β
iα(zi, 0), α = 1, ..., r from (3.3.3), we get
[Λ0, ϕ
α
i|1(zi, t)]|wi=0 = [Λ0,
l∑
ρ=1
tργ
α
ρi(zi)]|wi=0 =
l∑
ρ=1
r∑
β=1
tργ
β
ρi(zi)T
β
iα(zi, 0) =
r∑
β=1
ϕβi|1(zi, t)T
β
iα(zi, 0)
Then we have [Λ0, ϕ
α
i|1(zi, t)] =
∑r
β=1 ϕ
β
i|1(zi, t)T
β
iα(wi, zi) −
∑r
β=1 w
β
i P
β
iα(wi, zi, t) for some P
β
iα(wi, zi, t)
which are homogenous polynomials in t1, ..., tl of degree 1 with coefficients in Γ(Wi, TW ). Hence from
(3.1.3), we have
[Λ0, w
α
i − ϕ
α
i|1(zi, t)] =
r∑
β=1
(wβi − ϕ
β
i|1(zi, t))T
β
iα(wi, zi) +
r∑
β=1
wβi P
β
iα(wi, zi, t)
so that we obtain [Λ0, w
α
i −ϕi|1(zi, t)]|wi−ϕi|1(zi,t) ≡1 0 and so ϕi|1(zi, t) satisfies (3.3.7)1. Hence the induction
holds for m = 1.
Now we assume that we have already constructed ϕmi (zi, t) = (ϕ
1m
i (zi, t), · · · , ϕ
αm
i (zi, t), · · · , ϕ
rm
i (zi, t))
satisfying (3.3.6)m and (3.3.7)m such that [Λ0, w
α
i − ϕ
αm
i (zi, t)] is of the form
[Λ0, w
α
i − ϕ
αm
i (zi, t)] =
r∑
β=1
(wβi − ϕ
βm
i (zi, t))T
β
iα(wi, zi) +Q
αm
i (zi, t) +
r∑
β=1
wβi P
βm
iα (wi, zi, t)(3.3.8)
such that the degree of P βmiα (wi, zi, t) is at least 1 in t1, ..., tl. We note that we can rewrite (3.3.8) in the
following way.
r∑
β=1
(wβi − ϕ
βm
i (zi, t))T
β
iα(wi, zi) +Q
αm
i (zi, t) +
r∑
β=1
φβmi (zi, t)P
βm
iα (ϕ
m
i (zi, t), zi, t) +
r∑
β=1
(wβi − ϕ
βm
i (zi, t))L
β
iα(wi, zi, t)
such that the degree of Lβiα(wi, zi, t) in t1, ..., tl is at least 1 so that (3.3.8) becomes the following form:
[Λ0, w
α
i − ϕ
αm
i (zi, t)] =
r∑
β=1
(wβi − ϕ
βm
i (zi, t))T
β
iα(wi, zi) +K
αm
i (zi, t) +
r∑
β=1
(wβi − ϕ
βm
i (zi, t))L
β
iα(wi, zi, t)
(3.3.9)
where Kαmi (zi, t) := Q
αm
i (zi, t) +
∑r
β=1 φ
βm
i (zi, t)P
βm
iα (ϕ
m
i (zi, t), zi, t).
We set
ψik(zk, t) := [ϕ
m
i (gik(ϕ
m
k (zk, t), zk), t)− fik(ϕ
m
k (zk, t), zk)]m+1(3.3.10)
Gαi (zi, t) := [[Λ0, w
α
i − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1, α = 1, ..., r.(3.3.11)
We claim that {(ψ1ik(zk, t), ..., ψ
r
ik(zk, t))}⊕{(−G
1
i (zi, t), ...,−G
r
i (zi, t))} defines a 1-cocycle in the following
Cˇech reolution of N •V/W :
C0(U ∩ V,NW/V ⊗ ∧
2TW |V )
∇
x
C0(U ∩ V,NW/V ⊗ TW |V )
δ
−−−−→ C1(U ∩ V,NW/V ⊗ TW |V )
∇
x ∇x
C0(U ∩ V,NW/V )
−δ
−−−−→ C1(U ∩ V,NW/V )
δ
−−−−→ C2(U ∩ V,NW/V )
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By defining ψik(z, t) = ψik(zk, t) for (0, zk) ∈ Uk ∩ Ui, we have the equality (see [Kod62] p.152-153)
ψik(z, t) = ψij(z, t) + Fij · ψjk(z, t), for z ∈ Ui ∩ Uj ∩ Uk(3.3.12)
On the other hand, by applying [Λ0,−] on (3.3.9), we have
0 = [Λ0, [Λ0, w
α
i − ϕ
αm
i ]] =
r∑
β=1
−[Λ0, w
β
i − ϕ
βm
i (zi, t)] ∧ T
β
iα(wi, zi) +
r∑
β=1
(wβi − ϕ
βm
i (zi, t))[Λ0, T
β
iα(wi, zi)]
(3.3.13)
+[Λ0,K
αm
i (zi, t)] +
r∑
β=1
−[Λ0, w
β
i − ϕ
β
i (zi, t)] ∧ L
β
iα(wi, zi, t) +
r∑
β=1
(wβi − ϕ
β
i (zi, t))[Λ0, L
β
iα(wi, zi, t)]
By restricting (3.3.13) to wi = ϕ
m
i (zi, t), since G
α
i (zi, t) ≡m 0, α = 1, ..., r, we get
0 ≡m+1
r∑
β=1
−Gβi (zi, t) ∧ T
β
iα(0, zi) + [Λ0,K
αm
i (zi, t)]|wi=ϕmi (zi,t) +
r∑
β=1
−Gβi (zi, t) ∧ L
β
iα(ϕ
m
i (zi, t), zi, t)
Since the degree L(wi, zi, t) is at least 1 in t1, ..., tl and we have, from (3.3.9),
Gαi (zi, t) ≡m+1 K
αm
i (zi, t) = Q
αm
i (zi, t) +
r∑
β=1
φβmi (zi, t)P
βm
iα (ϕ
βm
i (zi, t), zi, t),(3.3.14)
we obtain
0 ≡m+1
r∑
β=1
−Gβi (zi, t) ∧ T
β
iα(0, zi) + [Λ0, G
α
i (zi, t)]|wi=0(3.3.15)
Next, since fαik(wk, zk)−ϕ
αm
i (gik(wk, zk), t)−[f
α
ik(ϕ
m
k (zk, t), zk)−ϕ
αm
i (gik(ϕ
m
k (zk, t), zk), t)] =
∑r
β=1(w
β
k−
ϕβmk (zk, t)) · S
β
kα(wk, zk, t) for some S
β
kα(wk, zk, t). By setting t = 0, we get f
α
ik(wk, zk) − f
α
ik(0, zk) =∑r
β=1w
β
k ·S
β
kα(wk, zk, 0), and then by taking the derivative with respect to w
γ
k and setting wk = 0, we obtain
∂fαik(wk, zk)
∂wγk
|wk=0 = S
γ
kα(0, zk, 0).(3.3.16)
Then we have
[Λ0, f
α
ik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)]|wk=ϕmk (zk,t) + [Λ0, ψ
α
ik(zk, t)]|wk=0
≡m+1 [Λ0, f
α
ik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)]|wk=ϕmk (zk,t) + [Λ0, ψ
α
ik(zk, t)]|wk=ϕmk (zk,t)
≡m+1 [Λ0, f
α
ik(wk, zk)− ϕ
αm
i (gik(wk, zk), t) + ψ
α
ik(zk, t)]|wk=ϕmk (zk,t)
≡m+1 [Λ0,
r∑
β=1
(wβk − ϕ
βm
k (zk, t))S
β
kα(wk, zk, t)]|wk=ϕmk (zk,t)
≡m+1
r∑
β=1
[Λ0, w
β
k − ϕ
βm
k (zk, t)]|wk=ϕmk (zk,t) · S
β
kα(ϕ
m
k (zk, t), zk, t)
≡m+1
r∑
β=1
Gβk (zk, t) · S
β
kα(0, zk, 0) ≡m+1
r∑
β=1
Gβk (zk, t) ·
∂fαik(wk, zk)
∂wβk
|wk=0
Hence we obtain the equality
[Λ0, f
α
ik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)]|wk=ϕmk (zk,t) + [Λ0, ψ
α
ik(zk, t)]|wk=0(3.3.17)
≡m+1
r∑
β=1
Gβk (zk, t) · S
β
kα(0, zk, 0) =
r∑
β=1
Gβk (zk, t) ·
∂fαik(wk, zk)
∂wβk
|wk=0
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On the other hand, from (3.3.9), we have
[Λ0, f
α
ik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)] =
r∑
β=1
(fβik(wk, zk)− ϕ
βm
i (gik(wk, zk), t))T
β
iα(wi, zi)(3.3.18)
+Kαmi (zi, t) +
r∑
β=1
(fβik(wk, zk)− ϕ
βm
i (gik(wk, zk), t))L
β
iα(wi, zi, t)
By restricting (3.3.18) to wk = ϕ
m
k (zk, t), we get, from (3.3.14),
[Λ0, f
α
ik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)]|wk=ϕmk (zk,t) ≡m+1
r∑
β=1
−ψβik(zk, t)T
β
iα(0, zi) +G
α
i (zi, t)(3.3.19)
Hence from (3.3.17), (3.3.19) and (3.3.16), we obtain
r∑
β=1
−ψβik(zk, t)T
β
iα(0, zi) +G
α
i (zi, t) + [Λ0, ψ
α
ik(zk, t)]|wk=0 =
r∑
β=1
Gβk (zk, t) ·
∂fαik(wk, zk)
∂wβk
|wk=0(3.3.20)
Hence from (3.3.12),(3.3.17),(3.3.20), {(ψ1ik(zk, t), ..., ψ
r
ik(zk, t))} ⊕ {(G
1
i (zi, t), ..., G
r
i (zi, t))} defines a 1-
cocycle in the above complex so that we get the claim. We call ψm+1(t) := {(ψ1ik(zk, t), ..., ψ
r
ik(zk, t))} and
Gm+1(t) := {(G
1
i (zi, t), ..., G
r
i (zi, t))} the m-th obstruction so that the coefficients of (ψm+1(t), Gm+1(t)) in
t1, ..., tl lies in H
1(V,N •V/W ).
On the other hand, by hypothesis, the cohomology group H1(V,N •V/W ) vanishes. Therefore there ex-
ists ϕαi|m+1(zi, t) such that ψik(z, t) = Fik(z)ϕk|m+1(z, t) − ϕi|m+1(z, t) and
∑r
β=1 ϕ
β
i|m+1(zi, t)T
β
iα(0, zi) −
[Λ0, ϕ
α
i|m+1(zi, t)]|wi=0 = −G
α
i (zi, t). Then we can show (3.3.6)m+1 (for the detail, see [Kod62] p.154). On
the other hand,
−[Λ0, ϕ
α
i|m+1(zi, t)] = −
r∑
β=1
ϕβi|m+1(zi, t)T
β
iα(wi, zi)−G
α
i (zi, t) +
r∑
β=1
wβi R
β
iα(wi, zi, t)
where the degree of Rβiα(wi, zi, t) is m+ 1 in t1, ..., tl. Then from (3.3.8), we have
[Λ0, w
α
i − ϕ
αm
i (zi, t)− ϕ
α
i|m+1(zi, t)] = [Λ0, w
α
i − ϕ
αm
i (zi, t)] + [Λ0,−ϕ
α
i|m+1(zi, t)]
(3.3.21)
=
r∑
β=1
(wβi − ϕ
βm
i (zi, t)− ϕ
β
i|m+1(zi, t))T
β
iα(wi, zi) +Q
αm
i (zi, t)−G
α
i (zi, t) +
r∑
β=1
wαi (P
βm
iα (wi, zi, t) +R
β
iα(wi, zi, t))
By setting ϕ
α(m+1)
i (zi, t) := ϕ
αm
i (zi, t)+ϕ
α
i|m+1(zi, t), we show that [Λ0, w
α
i −ϕ
α(m+1)
i (zi, t)]|wi=ϕm+1i (zi,t)
≡m+1
0. Indeed, from (3.3.21) and (3.3.14),
[Λ0, w
α
i − ϕ
α(m+1)
i (zi, t)]|wi=ϕm+1i (zi,t)
≡m+1 Q
αm
i (zi, t)−G
α
i (zi, t) +
r∑
β=1
(ϕαmi (zi, t) + ϕi|m+1(zi, t))P
βm
iα (ϕ
m
i (zi, t) + ϕi|m+1(zi, t), zi, t)
≡m+1 Q
αm
i (zi, t)−G
α
i (zi, t) +
r∑
β=1
ϕαmi (zi, t)P
βm
iα (ϕ
m
i (zi, t), zi, t) ≡m+1 K
αm
i (zi, t)−G
α
i (zi, t) ≡m+1 0
which shows (3.3.7)m+1. This completes the inductive construction of the polynomials ϕ
m
i (zi, t), i ∈ I.
3.4. Proof of convergence.
We will show that we can choose ϕi|m(zi, t) in each inductive step so that the formal power series
ϕi(zi, t), i ∈ I constructed in the previous subsection, converges absolutely for |t| < ǫ for a sufficiently
small number ǫ > 0.
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Notation 3. Recall Notation 2. We write
A(t) =
a
16b
∞∑
n=1
bn(t1 + · · ·+ tl)n
n2
(3.4.1)
instead A(t) in Notation 2 to keep the notational consistency with [Kod62]. We also note that
A(t)v ≪
(a
b
)v−1
A(t) for v = 2, 3, ....(3.4.2)
We may assume that |Fλikµ(0, z)| < c0 with c0 > 1. Then ϕi|1(zi, t)≪ A(t) if b is sufficiently large.
We assume that
ϕmi (zi, t)≪ A(t)(3.4.3)
for an integer m ≥ 1, we shall estimate the coefficients of the homogenous polynomials ψik(z, t) and Gαi (z, t)
from (3.3.10) and (3.3.11).
Let W δi be the subdomain of Wi consisting of all points (wi, zi), |wi| < 1− δ, |zi| < 1− δ for a sufficiently
small number δ > 0 such that {W δi |i ∈ I} forms a covering of W , and {U
δ
i =W
δ
i ∩V |i ∈ I} forms a covering
of V .
First we estimate the coefficients of the homogeneous polynomials ψik(z, t). We briefly summarize Ko-
daira’s result in the following: we expand fik(wk) = fik(wk, zk) and gik(wk) = gik(wk, zk) into power series
in w1k, ..., w
r
k whose coefficients are vector-valued holomorphic functions of z = (0, zk) defined on Uk ∩ Ui.
We assume that fik(wk)≪
∑∞
n=1 c
n
1 (w
1
k + · · ·+w
r
k)
n and gik(wk) =
∑∞
n=0 c
n
1 (w
1
k + · · ·+w
r
k)
n. Then we can
estimate
ψik(zk, t)≪ c3A(t), zk ∈ Uk ∩ Ui,(3.4.4)
where c3 = 2rc0
4c1ra
b
(
2d
δ + rc1
)
with
b > max{2c1ra,
4c1ra
δ
}.(3.4.5)
Second we estimate the coefficients of the homogeneous polynomials Gαi (z, t), α = 1, ..., r. Let Λ0 =
Λi(wi, zi) =
∑r+d
p,q=1 Λ
i
pq(wi, zi)
∂
∂xpi
∧ ∂
∂xqi
with Λipq(wi, zi) = −Λ
i
pq(wi, zi), where xi = (wi, zi) onWi. By con-
sidering coefficients Λipq(wi, zi) of
∂
∂xpi
∧ ∂
∂xqi
, we can consider Λi(wi, zi) a vector-valued holomorphic function
on Wi. We expand Λi(wi) = Λi(wi, zi) into power series in w
1
i , ..., w
r
i whose coefficients are vector valued
holomorphic functions of z = (0, zi) defined on Ui and we may assume, for any p, q,
Λipq(wi) = Λ
i
pq(wi, zi)≪
∞∑
n=0
en1 (w
1
i + · · ·+ w
r
i )
n(3.4.6)
for some constant e1 > 0. Now we estimate
Gαi (zi, t) = [[Λ0, w
α
i − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1 for zi ∈ U
δ
i .(3.4.7)
First we estimate [[Λ0, w
α
i ]|wi=ϕmi (zi,t)]m+1 in (3.4.7). We note that
[Λ0, w
α
i ]|wi=ϕmi (zi,t) =
d+r∑
p,q=1
2Λipq(ϕ
m
i (zi, t), zi)
∂wαi
∂xpi
∂
∂xqi
(3.4.8)
Since constant terms and linear terms of Λipq(wi, zi) with respect to w
1
i , · · · , w
r
i does not contribute to
[Λipq(ϕ
m
i (zi, t), zi)]m+1, we get, from (3.4.6) and (3.4.2),
[Λipq(ϕ
m
i (zi, t), zi)]m+1 ≪
∞∑
n=2
en1 r
nA(t)n = e1r
∞∑
n=1
en1r
nA(t)n+1 ≪ e1rA(t)
∞∑
n=1
(e1ra
b
)n
=
e21r
2a
b
A(t)
∞∑
n=0
(e1ra
b
)n(3.4.9)
Assuming that
b > 2e1ra,(3.4.10)
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we obtain, from (3.4.8), and (3.4.9)
[[Λ0, w
α
i ]|wi=ϕmi (zi,t)]m+1 ≪ 2(d+ r)
2 2e
2
1r
2a
b
A(t)(3.4.11)
Second, we estimate [[Λ0, ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1 in (3.4.7). We note that by Cauchy’s integral formula
and (3.4.3),
∂ϕαmi (zi, t)
∂wβi
= 0,
ϕαmi (zi, t)
∂zγi
=
1
2πi
∫
|ξ−zγi |=δ
ϕαmi (z
1
i , · · · , ξ, · · · , z
d
i , t)
(ξ − zγi )
2
dξ ≪
A(t)
δ
for |zi| < 1− δ.
(3.4.12)
Since constant term of Λipq(wi, zi) with respect to w
1
i , ..., w
r
i does not contribute to [[Λ0, ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1,
we get, from (3.4.6), (3.4.2) and (3.4.12),
[[Λ0, ϕ
αm
i (zi, t)]|wi=ϕαmi (zi,t)]m+1 =
r+d∑
p,q=1
2Λipq(ϕ
αm
i (zi, t), zi)
∂ϕαmi (zi, t)
∂xpi
∂
∂xqi
(3.4.13)
≪ 2(r + d)2
A(t)
δ
∞∑
n=1
en1 r
nA(t)n, zi ∈ U
δ
i
≪ 2(r + d)2
1
δ
∞∑
n=1
en1 r
nA(t)n+1 ≪
2(r + d)2
δ
∞∑
n=1
(e1ra
b
)n
A(t)
≪
2(r + d)2
δ
(e1ra
b
)
A(t)
∞∑
n=0
(e1ra
b
)n
Assuming that b > 2e1ra, we get
[[Λ0, ϕ
αm
i (zi, t)]|wi=ϕαmi ]m+1 ≪
4(r + d)2e1ra
δb
A(t), zi ∈ U
δ
i .(3.4.14)
Hence from (3.4.11), and (3.4.14), we obtain
Gαi (zi, t) = [[Λ0, w
α
i − ϕ
mα
i (zi, t)]|wi=ϕmi (zi,t)]m+1 ≪ e2A(t), zi ∈ U
δ
i ,(3.4.15)
where
e2 =
4(d+ r)2e21r
2a
b
+
4(r + d)2e1ra
δb
.(3.4.16)
Lemma 3.4.17. We can choose the homogenous polynomials ϕi|m+1(z, t), i ∈ I satisfying
ψik(z, k) = Fik(z)ϕk|m+1(z, t)− ϕi|m+1(z, t)
−Gαi (z, t) = −[ϕ
α
i|m+1(z, t),Λ0]|wi=0 +
r∑
β=1
ϕβi|m+1(z, t)T
β
iα(0, z)
in such a way that ϕi|m+1(z, t)≪ c4(e2 + c3)A(t), where c4 is independent of m.
Proof. For any 0-cochain ϕ = {ϕi(z)}, 1-cochain (ψ,G) = ({ψik(z)}, {
∑r
α=1G
α
i (z)e
α
i }), we define the norms
of ϕ and (ψ,G) by
||ϕ|| := max
i
sup
z∈Ui
|ϕi(z)|,
||(ψ,G)|| := max
i,k
sup
z∈Ui∩Uk
|ψik(z)|+max
i,α
sup
z∈Uδi
|Gαi (z)|
The coboundary ϕ is defined by
δ˜(ϕ) := (−Fik(z)ϕk(z, t) + ϕi(z),−[ϕ
α
i (zi),Λ0]|wi=0 +
r∑
β=1
ϕβi (z)T
β
iα(0, zi))
For any coboundary (ψ,G), we define
ι(ψ) = inf
δ˜ϕ=(ψ,G)
||ϕ||.
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To prove Lemma 3.4.17, it suffices to show the existence of a constant c such that ι(ψ,G) ≤ c||(ψ,G)||. As-
sume that such a constant c does not exist. Then we can find a sequence (ψ′, G′), (ψ′′, G′′), · · · , (ψ(µ), G(µ)), · · ·
such that there exists ϕ(µ) with δϕ(µ) = (ψ(µ), G(µ)) satisfying ||ϕ(µ)|| < 2. Then we can show that
there is a subsequence ϕµ1i , ϕ
µ2
i , · · · such that ϕ
(µv)
i (zi) converges absolutely and uniformly on Ui. Let
ϕi(zi) = limv ϕ
(µv)
i (zi) and let ϕ = {ϕi(zi)}. Then we have ||ϕ
µv − ϕ|| → 0. On the other hand
δ˜(ϕ) = (0, Gϕ), where Gϕ(z) = 0 for z ∈ U δi . By identity theorem Gϕ(z) = 0 for z ∈ Ui so that δ˜(ϕ) = (0, 0).
Therefore δ˜(ϕ(µv) − ϕ) = (ϕ(µv), G(µv)) which contradict to ι(ϕ(µv)) = 1. 
From (3.4.4) and (3.4.16), we have
c4(c3 + e2) = c4c3 + c4e2 =
8c4c0c1r
2a
b
(
2d
δ
+ rc1
)
+ c4
(
4(d+ r)2e21r
2a
b
+
4(r + d)e1ra
δb
)
(3.4.18)
From (3.4.5), (3.4.10), (3.4.18) and Lemma 3.4.17, by assuming
b > max{8c4c0c1r
2a
(
2d
δ
+ rc1
)
+ c4
(
4(d+ r)2e21r
2a+
4(r + d)e1ra
δ
)
, 2c1ra,
4c1ra
δ
, 2e1ra}
we can choose ϕi|m+1(zi, t) ≪ A(t) and so ϕi(zi, t) ≪ A(t) so that the power series ϕi(zi, t) converges for
|t| < 1lb . Then by the argument of [Kod62] p.158, we obtain the equality
ϕi(gik(ϕk(zk, t), zk), t) = fik(ϕk(zk, t), zk), for |t| < ǫ, (ϕk(zk, t), zk) ∈W
δ
i ∩W
δ
k
[Λ0, w
α
i − ϕ
α
i (zi, t)]|wi=ϕi(zi,t) = 0
for a sufficiently small number ǫ > 0, which proves Theorem 3.3.1. 
In the case H1(V,N •V/W ) 6= 0, our proof of Theorem 3.3.1 proves the following:
Theorem 3.4.19. If the obstruction (ψm+1(t), Gm+1(t)) vanishes for each integer m ≥ 1, then there exists
a Poisson analytic family V of compact holomorphic Poisson submanifolds Vt, t ∈ M1, of (W,Λ0) such that
V0 = V and the characteristic map
σ0 : T0(M1)→ H
0(V,N •V/W )
∂
∂t
7→ (
∂Vt
∂t
)t=0
is an isomorphism.
3.5. Maximal families: Theorem of completeness.
We note that Definition 2.4.1 can be extended to arbitrary codimensions.
Theorem 3.5.1 (theorem of completeness). Let V be a Poisson analytic family of compact holomorphic
Poisson submanifolds Vt, t ∈M1, of (W,Λ0). If the characteristic map
σ0 : T0(M1)→ H
0(V0,N
•
V0/W
)
∂
∂t
7→
(
∂Vt
∂t
)
t=0
is an isomorphism, then the family V is maximal at t = 0.
Proof. We extend the arguments in [Kod62] p.158-160 in the context of holomorphic Poisson deformations.
Consider an arbitrary Poisson analytic family V ′ of compact holomorphic Poisson submanifolds V ′s , s ∈M
′
of (W,Λ0) such that V
′
0 = V0, where M
′ = {s = (s1, ..., sq) ∈ Cq||s| < 1}. We shall construct a holomorphic
map h : s→ t = h(s) of a neighborhood N ′ of 0 into M1 such that h(0) = 0 and V ′s = Vh(s).
We keep the notations in 3.2 so that the holomorphic Poisson submanifold Vt is defined in each domain
Wi, i ∈ I by wi = ϕi(zi, t) and satisfy
[Λ0, w
α
i − ϕ
α
i (zi, t)] =
r∑
β=1
(wβi − ϕ
β
i (zi, t))T
β
iα(wi, zi, t).(3.5.2)
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We may assume that V ′s is defined in each domainWi, i ∈ I, by wi = θi(zi, t), where θi(zi, t) is a vector-valued
holomorphic function of zi, s with |zi| < 1, |s| < 1, and satisfy
[Λ0, w
α
i − θ
α
i (zi, s)] =
r∑
β=1
(wβi − θ
β
i (zi, s))P
β
iα(wi, zi, s)(3.5.3)
for some P βiα(wi, zi, s) which are power series in s with coefficients in Γ(Wi, TW ) and P
β
iα(0, zi, 0) = T
β
iα(0, zi).
Then V ′s = Vh(s) is equivalent to
θi(zi, s) = ϕi(zi, h(s))(3.5.4)
Recall Notation 1 and let us write h(s) = h1(s) + h2(s) + · · · , ϕi(zi, t) = ϕi|1(zi, t) + ϕi|2(zi, t) + · · · , and
θi(zi, s) = θi|1(zi, t) + θi|2(zi, t) + · · · . We will construct h(s) satisfying (3.5.4) by solving the system of
congruences by induction on m
θi(zi, s) ≡m ϕi(zi, h
m(s)), i ∈ I, m = 1, 2, 3, ...(3.5.5)
Since σ0 : T0(M1) → H0(V0,N •V0/W ) is an isomorphism by hypothesis, {
∂ϕi(zi,t)
∂t1
|t=0, ....,
∂ϕi(zi,t)
∂tl
|t=0} is a
basis of H0(V0,N •V0/W ). Since {θi|1(zi, s)} of θi|1(zi, s), i ∈ I, represents a linear form in s whose coefficients
are in H0(V0,N •V0/W ), there exists a linear vector-valued function h
1(s) such that θi|1(zi, s) = ϕi|1(zi, h
1(s))
which proves (3.5.5)1. Now assume that we have already constructed h
m(s) satisfying (3.5.5)m. We
will find hm+1(s) such that h
m+1(s) = hm(s) + hm+1(s) satisfy (3.5.5)m+1. Let ωi(zi, s) = [θi(zi, s) −
ϕi(zi, h
m(s))]m+1. We claim that
ωi(zi, s) = Fik(z) · ωk(zk, s), z ∈ Ui ∩ Uk(3.5.6)
− [ωαi (zi, s),Λ0]|wi=0 +
r∑
β=1
ωβi (zi, s)T
β
iα(0, zi) = 0,(3.5.7)
For the proof of (3.5.6), see [Kod62] p.160. Let us show (3.5.7). From (3.5.2) and (3.5.3), we have
[Λ0, ω
α
i (zi, s)]|wi=0 ≡m+1 [Λ0, ω
α
i (zi, s)]|wi=θi(zi,t) ≡m+1 [Λ0, θ
α
i (zi, s)− w
α
i + w
α
i − ϕ
α
i (zi, h
m(s))]|wi=θi(zi,t)
≡m+1 −[Λ0, w
α
i − θ
α
i (zi, s)]|wi=θi(zi,t) + [Λ0, w
α
i − ϕ
α
i (zi, h
m(s))]|wi=θi(zi,t) ≡m+1 [Λ0, w
α
i − ϕ
α
i (zi, h
m(s))]|wi=θi(zi,t)
≡m+1
r∑
β=1
(θβi (zi, s)− ϕ
β
i (zi, h(s)))T
β
iα(wi, zi, h(s)) ≡m+1
r∑
β=1
ωβi (zi, s)T
β
iα(0, zi)
This proves (3.5.7). From (3.5.6) and (3.5.7), {ωi(zi, s)} is a homogenous polynomial of degreem+1 in s with
coefficents in H0(V,N •V0/W ) so that there exists a homogenous polynomial hm+1(s) of degree 1 in s such that
ωi(zi, s) = ϕi|1(zi, hm+1(s)). Therefore we have ϕi(zi, h
m+1(s)) ≡m+1 ϕi(zi, hm(s))+ωi(zi, s) ≡m+1 θi(zi, s)
which completes the inductive construction of hm+1(s) satisfying (3.5.5)m+1.
3.6. Proof of convergence.
The convergence of the power series h(s) follows from the same arguments in [Kod62] p.160-161. This
completes the proof of Theorem 3.5.1.

Example 3. Let [ξ0, ξ1, ξ2, ξ3] be the homogenous coordinate on P
3
C
and a hyperplane V defined by ξ3 = 0
so that NV/P3
C
∼= OV (1). Let [1, z1, z2, z3] = [1,
ξ1
ξ0
, ξ2ξ0 ,
ξ3
ξ0
]. Consider a Poisson structure Λ0 = z1
∂
∂z1
∧ ∂∂z2
on P3
C
. Then V ∼= P2C is a holomorphic Poisson submanifold. We compute H
0(V,N •
V/P3
C
) which is the kernel
∇ : H0(V,OV (1))→ H0(V, TP3
C
|V (1)). Since [Λ0, z3] = 0,
∇(az1 + bz2 + c) = −[Λ0, az1 + bz2 + c]|z3=0 = −az1
∂
∂z2
+ bz1
∂
∂z1
= 0 ⇐⇒ a = b = 0
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so that dimC H
0(V,OV (1)) = 1. Since [Λ0, z3 − t]|z3=t = 0, holomorphic Poisson deformations of V in
(P3
C
,Λ0) is unobstructed, and explicitly we have a Poisson analytic family of holomorphic Poisson submani-
folds V ⊂ (P3
C
× C,Λ0) defined by ξ3 − tξ0 = 0 whose characteristic map
T0C→ H
0(V,N •V/P3
C
) = H0(P2C,OP2
C
(1)•)
a 7→ a = 0 · z1 + 0 · z2 + a
is an isomorphism so that V is complete.
Example 4. Let us consider the Poisson structure Λ0 = z1
∂
∂z1
∧ ∂∂z2 on P
3
C
as in Example 3 and a holo-
morphic Poisson submanifold V defined by ξ1 = ξ3 = 0 which is a nonsingular rational curve ∼= P1C and the
normal bundle NV/P3
C
is isomorphic to OP1
C
(1) ⊕ OP1
C
(1). We compute H0(V,N •V/P3
C
) which is the kernel of
∇ : H0(P1
C
,OP1
C
(1)⊕OP1
C
(1))→ H0(P1
C
, TP3
C
|P1
C
(1)⊕ TP3
C
|P1
C
(1)). Since [Λ0, z1] = z1
∂
∂z2
, and [Λ0, z3] = 0,
∇((az2 + b)⊕ (cz2 + d)) = (−[Λ0, az2 + b]|z1=z3=0 + (az2 + b)
∂
∂z2
)⊕ (−[Λ0, cz2 + d]|z1=z3=0) = 0
⇐⇒ a = b = 0.
so that dimC H
0(V,N •
V/P3
C
) = 2. Since [Λ0, z1]|z1=z3−t1z2−t2=0 = 0 and [Λ0, z3 − t1z2 − t2]|z1=z3−t1z2−t2 = 0,
holomorphic Poisson deformations of V in (P3
C
,Λ0) is unobstructed, and explicitly we have a Poisson analytic
family of holomorphic Poisson submanifolds V ⊂ (P3
C
× C2,Λ0)) defined by ξ1 = ξ3 − t1ξ2 − t2ξ0 = 0 whose
characteristic map is
T0C
2 → H0(V,N •V/P3
C
) = H0(P1C, (OP1
C
(1)⊕OP1
C
(1))•)
(a1, a2) 7→ (0, a1z2 + a2)
which is an isomorphism so that V is complete.
Example 5. Let (X,Λ0) be a non-degenerate Poisson K3 surface. Consider (X×Cq,Λ0) and let (w1, ..., wq)
be the coordinate of Cq. Then w1 = · · · = wq = 0 defines a holomorphic Poisson submanifold which is (X,Λ0)
and the normal bundle NX/X×Cq is ⊕
qOX . Since Λ0|(x,a) ∈ ∧
2TX |x ⊂ ∧
2TX×C|(x,a) for each (x, a) ∈ X×C
q,
and [Λ0, wi] = 0 for i = 1, ..., q, the obstructions lies in the first cohomology group of the following complex
of sheaves
⊕qO•X : ⊕
qOX
−[−,Λ0]
−−−−−→ ⊕qTX
−[−,Λ0]
−−−−−→ ⊕q ∧2 TX
−[−Λ0]
−−−−−→ · · ·
whose the 0-th cohomology group is isomorphic to ⊕qH0(X,C) ∼= Cq and the first cohomology group is
isomorphic to ⊕qH1(X,C) = 0 so that deformations of X in (X × Cq,Λ0) is unobstructed. Explicitly we
have a Poisson analytic family of holomorphic Poisson submanifolds V ⊂ ((X×Cq)×Cq,Λ0) with (t1, ..., tq)
the last coordinate of Cq which is defined by w1 − t1 = · · · = wq − tq = 0 whose characteristic map
T0C
q → H0(X,N •X/X×C)
∼= ⊕qH0(X,C) ∼= ⊕qC
(a1, ..., aq) 7→ (a1, ..., aq)
is an isomorphism so that V is complete.
4. Simultaneous deformations of holomorphic Poisson structures and compact
holomorphic Poisson submanifolds
We extend the definition of a Poisson analytic family of compact holomorphic Poisson submanifolds in
Definition 3.0.1 by deforming holomorphic Poisson structures as well on a fixed complex manifold W .
Definition 4.0.1. Let W be a complex manifold of dimension d + r. We denote a point in W by w and
a local coordinate of w by (w1, ..., wr+d). By an extended Poisson analytic family of compact holomorphic
Poisson submanifolds of dimension d of W , we mean a holomorphic Poisson submanifold V ⊂ (W ×M,Λ)
of codimension r, where M is a complex manifold and Λ is a holomorphic Poisson structure on W ×M ,
such that
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(1) the canonical projection π : (W ×M,Λ) → M is a holomorphic Poisson fibre manifold as in Defi-
nition 5.0.1 so that Λ ∈ H0(W ×M,∧2TW×M/M ) and π
−1(t) := (W,Λt) is a holomorphic Poisson
submanifold of (W ×M,Λ) for each point t ∈M .
(2) for each point t ∈ M , Vt × t := ω−1(t) = V ∩ π−1(t) is a connected compact holomorphic Poisson
submanifold of (W,Λt) of dimension d, where ω : V →M is the map induced from π.
(3) for each point p ∈ V, there exist r holomorphic functions fα(w, t), α = 1, ..., r defined on a neighbor-
hood Up of p in W ×M such that rank
∂(f1,...,fr)
∂(w1,...wr+d) = r, and Up ∩ V is defined by the simultaneous
equations fα(w, t) = 0, α = 1, ..., r.
We call V ⊂ (W ×M,Λ) an extended Poisson analytic family of compact holomorphic Poisson submanifolds
Vt, t ∈ M of (W,Λt). We also call V ⊂ (W ×M,Λ) an extended Poisson analytic family of simultaneous
deformations of a holomorphic Poisson submanifold Vt0 of (W,Λt0) for each fixed point t0 ∈M .
4.1. The extended complex associated with the normal bundle of a holomorphic Poisson sub-
manifold of a holomorphic Poisson manifold.
Let V be a holomorphic Poisson submanifold of a holomorphic Poisson manifold (W,Λ0). We will describe
a complex of sheaves to control simultaneous deformations of holomorphic Poisson structures and holomor-
phic Poisson submanifolds. We recall that the complex associated with the normal bundle (see Definition
3.1.13)
N •V/W : NV/W
∇
−→ NV/W ⊗ TW |V
∇
−→ NV/W ⊗ ∧
2TW |V
∇
−→ · · ·(4.1.1)
controls holomorphic Poisson deformations of V in (W,Λ0), and the complex
∧2T •W : ∧
2TW
−[−,Λ0]
−−−−−→ ∧3TW
−[−,Λ0]
−−−−−→ ∧4TW
−[−,Λ0]
−−−−−→ · · ·(4.1.2)
controls deformations of the holomorphic Poisson structure Λ0 on the fixed underlying complex manifold W
(see Appendix A). By combining two complexes (4.1.1) and (4.1.2), we shall define a complex of sheaves on
W :
(∧2TW ⊕ i∗NV/W )
• : ∧2TW ⊕ i∗NV/W
∇˜
−→ ∧3TW ⊕ i∗(NV/W ⊗ TW |V )
∇˜
−→ ∧4TW ⊕ i∗(NV/W ⊗ ∧
2TW |V )
∇˜
−→ · · ·
which controls simultaneous deformations of the holomorphic Poisson structure Λ0 and the holomorphic
Poisson submanifold V of (W,Λ0), where i : V →֒W is the embedding. We keep the notations in subsection
3.1.
We note that Γ(Wi,∧p+2TY ⊕ i∗(NV/W ⊗ ∧
pTW |V )) = Γ(Wi,∧p+2TY ) ⊕ Γ(Ui,NV/W ⊗ ∧
pTW |V ) ∼=
Γ(Wi,∧p+2TW )⊕ (⊕rΓ(Ui,∧pTW |V )). From these isomorphisms, we define
∇˜ : ∧p+2TW ⊕ i∗(NV/W ⊗ ∧
pTW |V )→ ∧
p+3TW ⊕ i∗(NV/W ⊗ ∧
p+1TW |V )
locally in the following way:
Γ(Wi,∧
p+2TW )⊕ (⊕
rΓ(Ui,∧
pTW |V ))
∇˜
−→ Γ(Wi,∧
p+3TW )⊕ (⊕
rΓ(Ui,∧
p+1TW |V )
(Πi,
r∑
α=1
gαi e
α
i ) 7→ (−[Πi,Λ0],
r∑
α=1
[Πi, w
α
i ]|wi=0e
α
i +∇(
r∑
α=1
gαi e
α
i ))
In other words,
(Πi, (g
1
i , ..., g
r
i )) 7→ (−[Πi,Λ0],

[Πi, w1i ]|wi=0 − [g
1
i ,Λ0]|wi=0 + (−1)
p
r∑
β=1
g
β
i
∧ T
β
i1
(0, zi), · · · , [Πi, w
r
i ]|wi=0 − [g
r
i ,Λ0]|wi=0 + (−1)
p
r∑
β=1
g
β
i
∧ T
β
ir
(0, zi)

)
First we show that ∇˜ defines a complex, i.e ∇˜ ◦ ∇˜ = 0. Since ∇ ◦∇ = 0, we have
∇˜(∇˜(Πi,
r∑
α=1
gαi e
α
i )) = (0,
r∑
α=1
−[[Πi,Λ0], w
α
i ]|wi=0e
α
i +∇(
r∑
α=1
[Πi, w
α
i ]|wi=0e
α
i ))
= (0,
r∑
α=1
−[[Πi,Λ0], w
α
i ]|wi=0e
α
i +
r∑
α=1
−[[Πi, w
α
i ],Λ0]|wi=0e
α
i + (−1)
p+1
r∑
α,β=1
[Πi, w
α
i ]|wi=0 ∧ T
α
iβ(0, zi)e
β
i )
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Hence ∇˜ ◦ ∇˜ = 0 is equivalent to
−[[Πi,Λ0], w
α
i ]|wi=0 − [[Πi, w
α
i ],Λ0]|wi=0 + (−1)
p+1
r∑
β=1
[Πi, w
β
i ]|wi=0 ∧ T
β
iα(0, zi) = 0(4.1.3)
Let us show (4.1.3). We note that from (3.1.3),
[Πi, [Λ0, w
α
i ]] =
r∑
β=1
[Πi, w
β
i T
β
iα(wi, zi)] =
r∑
β=1
wβi [Πi, T
β
iα(wi, zi)] + (−1)
p+1
r∑
β=1
[Πi, w
β
i ] ∧ T
β
iα(wi, zi)
=⇒ [Πi, [Λ0, w
α
i ]]|wi=0 = (−1)
p+1
r∑
β=1
[Πi, w
β
i ]|wi=0 ∧ T
β
iα(0, zi)
Then (4.1.3) is equivalent to
−[[Πi,Λ0], w
α
i ]|wi=0 − [[Πi, w
α
i ],Λ0]wi=0 + [Πi, [Λ0, w
α
i ]]wi=0 = 0(4.1.4)
which follows from −[[Πi,Λ0], w
α
i ] − [[Πi, w
α
i ],Λ0] + [Πi, [Λ0, w
α
i ]] = 0 by the graded Jacobi identity. This
proves ∇˜ ◦ ∇˜ = 0.
Next we show that ∇˜ is well-defined. In other words, on Ui ∩ Uk, the following diagram commutes
(4.1.5)
Γ(Wk,∧p+2TW )⊕ (⊕rΓ(Uk,∧pTW |V ))
on Ui ∩ Uk−−−−−−−→
∼=
Γ(Wi,∧p+2TW )⊕ (⊕rΓ(Ui,∧pTW |V ))
∇˜
y y∇˜
Γ(Wk,∧
p+3TX)⊕ (⊕
rΓ(Uk,∧
p+1TW |V ))
on Ui ∩ Uk−−−−−−−→
∼=
Γ(Wi,∧
p+3TW )⊕ (⊕
rΓ(Ui,∧
p+1TW |V ))
Let (Π,
∑r
α=1 g
α
k e
α
k ) ∈ Γ(Wk,∧
p+2TW ) ⊕ (⊕rΓ(Uk,∧pTW |V )) and let ∇(
∑r
α=1 g
α
k e
α
k ) =
∑r
α=1G
α
k e
α
k , where
Gαk = −[g
α
k ,Λ0]|wk=0 + (−1)
p
∑r
β=1 g
β
k ∧ T
β
kα(0, zk) ∈ Γ(Uk,∧
p+1TW |V ).
Then ∇˜((Π,
∑r
α=1 g
α
k e
α
k )) = (−[Π,Λ0],
∑r
α=1[Π, w
α
k ]|wk=0e
α
k +
∑r
α=1G
α
k e
α
k ) is identified on Ui ∩ Uk with
(−[Π,Λ0],
r∑
β=1
(
r∑
α=1
F βikα(0, zk)[Π, w
α
k ]|wk=0
)
eβi +
r∑
β=1
(
r∑
α=1
F βikα(0, zk)G
α
k )e
β
i )(4.1.6)
On the other hand, (Π,
∑r
α=1 g
α
k e
α
k ) is identified on Ui ∩ Uk with (Π,
∑r
β=1
(∑r
α=1 F
β
ikα(0, zk)g
α
k
)
eβi ) ∈
Γ(Wi,∧p+2TW )⊕ (⊕rΓ(Ui,∧pTW |V )). Then we have
∇˜((Π,
r∑
β=1
(
r∑
α=1
F βikα(0, zk)g
α
k
)
eβi ) = (−[Π,Λ0],
r∑
β=1
[Π, wβi ]|wi=0e
β
i +∇(
r∑
α,β=1
F βikα(0, zk)g
α
k )e
β
i ))(4.1.7)
Hence in order for the diagram (4.1.5) to commute, we have to show that (4.1.6) coincides with (4.1.7). By
the equality of (3.1.11) and (3.1.12), it is enough to show [Π, wβi ]|wi=0 =
∑r
α=1 F
β
αik(0, zk)[Π, w
α
k ]|wk=0 which
comes from (3.1.1), and
wβi =
r∑
α=1
F βikα(wk, zk)w
α
k =⇒ [Π, w
β
i ] =
r∑
α=1
(F βikα(wk, zk)[Π, w
α
k ] + w
α
k [Π, F
β
ikα]).
Hence ∇˜ is well-defined.
Definition 4.1.8. We call the complex defined as above
(∧2TW ⊕ i∗NV/W )
• : ∧2TW ⊕ i∗NV/W
∇˜
−→ ∧3TW ⊕ i∗(NV/W ⊗ TW |V )→ ∧
4TW ⊕ i∗(NV/W ⊗ ∧
2TW |V )→ · · ·
the extended complex associated with the normal bundle NV/W of a holomorphic Poisson submanifold V of a
holomorphic Poisson manifold W and denote its i-th hypercohomology group by Hi(W, (∧2TW ⊕ i∗NV/W )
•).
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4.2. Infinitesimal deformations.
Let M1 = {t = (t1, ..., tl) ∈ Cl||t| < 1}. Consider an extended Poisson analytic family V ⊂ (W ×M1,Λ) of
compact holomorphic Poisson submanifolds Vt, t ∈ M1 of (W,Λt) and let V = V0 as in Definition 4.0.1. We
keep the notations in subsection 3.2 and subsection 4.1 so that for |t| < ǫ for a sufficiently small number ǫ > 0,
Vt is defined by wi = ϕi(zi, t) on each neighborhood Wi and, by setting w
λ
ti = w
λ
i − ϕ
λ
i (zi, t), λ = 1, ..., r,
Ftik(zt) :=
(
∂wλti
∂wµ
tk
(zt)
)
λ,µ=1,...,r
for zt ∈ Vt ∩Wi ∩Wk defines the normal bundle NVt/W of Vt in W . For an
arbitrary tangent vector ∂∂t =
∑
ρ γρ
∂
∂tρ
of M1 at t, |t| < ǫ, we let ψi(zt, t) =
∂ϕi(zi,t)
∂t for zt = (ϕi(zi, t), zi).
Then we obtain the equality
ψi(zt, t) = Ftik(zt) · ψk(zt, t), for zt ∈ Vt ∩Wi ∩Wk.(4.2.1)
On the other hand, let Λi(wi, zi, t) be the holomorphic Poisson structure Λ on Wi ×M1. Then
[Λi(wi, zi, t),Λi(wi, zi, t)] = 0(4.2.2)
and Λi(wi, zi, t) is of the form
Λi(wi, zi, t) := Λi(xi, t) =
r+d∑
α,β=1
Λiαβ(xi, t)
∂
∂xαi
∧
∂
∂xβi
, with Λiαβ(xi, t) = −Λ
i
βα(xi, t), xi = (wi, zi),
by which we consider Λi(wi, zi, t) as a vector-valued holomorphic function of (wi, zi, t). Let πi(wi, zi, t) =
∂Λi(wi,zi,t)
∂t . Then
{πi(wi, zi, t)} ∈ H
0(W,∧2TW )(4.2.3)
By taking the derivative of (4.2.2) with respect to t, we get
[Λi(wi, zi, t),
∂Λi(wi, zi, t)
∂t
] = 0 ⇐⇒ −[πi(wi, zi, t),Λi(wi, zi, t)] = 0(4.2.4)
Lastly, since wλi − ϕ
λ
i (zi, t) = 0, λ = 1, ..., r define a holomorphic Poisson submanifold, we have
[Λi(wi, zi, t), w
λ
i − ϕ
λ
i (zi, t)] =
r∑
µ=1
(wµi − ϕ
µ
i (zi, t))T
µ
iλ(wi, zi, t)(4.2.5)
for some T µiλ(wi, zi, t) which is of the form
T µiλ(wi, zi, t) = P
µ
i1(wi, zi, t)
∂
∂w1i
+ · · ·+ Pµir(wi, zi, t)
∂
∂wri
+Qµi1(wi, zi, t)
∂
∂z1i
+ · · ·+Qµid(wi, zi, t)
∂
∂zdi
by which we consider T µiλ(wi, zi, t) as a vector valued holomorphic function of (wi, zi, t).
By taking the derivative of (4.2.5) with respect to t, we get [∂Λi(wi,zi,t)∂t , w
λ
i −ϕ
λ
i (zi, t)]+[Λi(wi, zi, t),−
∂ϕλi (zi,t)
∂t ] =∑r
µ=1−
∂ϕµi (zi,t)
∂t T
µ
iλ(wi, zi, t)+
∑n
µ=1(w
λ
i −ϕ
µ
i (zi, t))
∂Tµ
iλ
(wi,zi,t)
∂t . By restricting to Vt, equivalently, by setting
wi = ϕi(zi, t), we get, on Γ(Wi ∩ Vt, TW |Vt),
[
∂Λi(wi, zi, t)
∂t
, wλi − ϕ
λ
i (zi, t)]|Vt − [Λi(wi, zi, t),
∂ϕλi (zi, t)
∂t
]|Vt =
r∑
µ=1
−
∂ϕµi (zi, t)
∂t
T µiλ(ϕi(zi, t), zi, t)
⇐⇒ [πi(wi, zi, t), w
λ
ti]|Vt − [ψ
λ
i (zt, t),Λi(wi, zi, t)]|Vt +
r∑
µ=1
ψµi (zt, t)T
µ
iλ(ϕi(zi, t), zi, t) = 0(4.2.6)
Hence from (4.2.1), (4.2.3), (4.2.4) and (4.2.6), ({πi(wi, zi, t)}, {ψi(zt, t)}) defines an element ofH
0(W, (∧2TW⊕
i∗NVt/W )
•) so that we have a linear map
σt : Tt(M1)→ H
0(W, (∧2TW ⊕ i∗NVt/W )
•)
∂
∂t
7→
∂(Λt, Vt)
∂t
:= ({πi(wi, zi, t)}, {ψi(zt, t)})
We call σt the characteristic map.
34 CHUNGHOON KIM
Example 6. Let [ξ0, ξ1, ξ2] be the homogeneous coordinate on P
2
C
. Let [1, z1, z2] = [1,
ξ1
ξ0
, ξ2ξ1 ]. Then V ⊂
(P2
C
× C2, (z1 + t1z2 + t2)
∂
∂z1
∧ ∂∂z2 defined by ξ1 + t1ξ2 + t2ξ0 = 0 is an extended Poisson analytic family of
simultaneous deformations of a holomorphic Poisson submanifold ξ1 = 0 of (P
2
C
,Λ0 = z1
∂
∂z1
∧ ∂∂z2 ) and we
have the characteristic map
T0C
2 → H0(P2C, (∧
2TP2
C
⊕ i∗OP1
C
(1))•)
(a, b) 7→ a
(
z2
∂
∂z1
∧
∂
∂z2
,−z2
)
+ b
(
∂
∂z1
∧
∂
∂z2
,−1
)
Example 7. Let [ξ0, ξ1, ξ2, ξ3] be the homogenous coordinate on P
3
C
. Let [1, z1, z2, z3] = [1,
ξ1
ξ0
, ξ2ξ0 ,
ξ3
ξ0
]. Then
V ⊂ (P3
C
×C2, (z1+ t1)
∂
∂z1
∧ ∂∂z2 ) defined by ξ1+ t1ξ0 = ξ3 + t2ξ0 = 0 is an extended Poisson analytic family
of simultaneous deformations of a holomorphic Poisson submanifold ξ1 = ξ3 = 0 of (P
3
C
,Λ0 = z1
∂
∂z1
∧ ∂∂z2 )
and we have the characteristic map
T0C
2 → H0(P2C, (∧
2TP3
C
⊕ i∗(OP1
C
(1)⊕OP1
C
(1))•)
(a, b) 7→ a(
∂
∂z1
∧
∂
∂z2
, (−1, 0))⊕ b(0, (0,−1))
Example 8. We construct an extended Poisson analytic family of simultaneous deformations of holomor-
phic Poisson submanifolds of a stable elliptic surface. As in [BHPVdV04] p.202, let z(s) be an arbitrary
holomorphic function on the unit disk ∆ = {s ∈ C||s| < 1} with Im z(s) > 0. Let G = Z×Z act on C×∆ by
(m,n)(c, s) = (c+m+nz(s), s). The quotient X = (C×∆)/(Z×Z) is a nonsingular surface fibered over ∆
such that Xs is an elliptic curve with period 1, z(s). Let c
′ = c+m+ nz(s), s′ = s. Then we have ∂∂c =
∂
∂c′ ,
and ∂∂s = nz
′(s) ∂∂c′ +
∂
∂s′ so that we get
∂
∂c ∧
∂
∂s =
∂
∂c′ ∧
∂
∂s′ and so Λ = (s−t)
∂
∂c ∧
∂
∂s is a G-invariant bivector
field on X ×∆ which defines a holomorphic Poisson structure Λt on X for each t ∈ ∆, and Xt : s = t is a
holomorphic Poisson submanifold of (X,Λt) since the holomorphic Poisson structure Λt degenerates along
s = t. Then V ⊂ (X × ∆,Λ = (s − t) ∂∂c ∧
∂
∂s ) defined by s = t is an extended Poisson analytic family of
simultaneous deformations of the holomorphic Poisson submanifold X0 : s = 0 of (X, s
∂
∂c ∧
∂
∂s ), and we have
the characteristic map
T0C→ H
0(X, (∧2TX ⊕ i∗NX0/X)
•)
a 7→ (−a
∂
∂c
∧
∂
∂s
, a)
4.3. Theorem of existence.
Theorem 4.3.1 (theorem of existence). Let V be a holomorphic Poisson submanifold of a compact holo-
morphic Poisson manifold (W,Λ0). If H
1(W, (∧2TW ⊕ i∗NW/V )
•) = 0, then there exists an extended Poisson
analytic family V ⊂ (W ×M1,Λ) of compact holomorphic Poisson submanifolds Vt, t ∈M1, of (W,Λt) such
that V = V0 ⊂ (W,Λ0) and the characteristic map
σ0 : T0(M1)→ H
0(W, (∧2TW ⊕ i∗NV/W )
•)
∂
∂t
7→
(
∂(Λt, Vt)
∂t
)
t=0
is an isomorphism.
Proof. We extend the argument in the proof of Theorem 3.3.1 in the context of simultaneous deformations.
We keep the notations in subsection 4.1.
Let {η1, ..., ηρ, ..., ηl} be a basis of H0(W, (∧2TW ⊕ i∗NW/V )
•). On each neighborhood Wi (we recall
Ui =Wi ∩ V ), ηρ is represented as
ηρi = (λ
ρ
i (wi, zi))⊕ (γ
1
ρi(zi), ..., γ
r
ρi(zi)) ∈ Γ(Wi,∧
2TW )⊕ (⊕
rΓ(Ui,OV ))
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such that
λρi (wi, zi) = λ
ρ
j (wj , zj)(4.3.2)
− [λρi (wi, zi),Λ0] = 0(4.3.3)
γρi(z) = Fik(z) · γρk(z), z ∈ Ui ∩ Uk(4.3.4)
[λρi (wi, zi), w
α
i ]|wi=0 − [Λ0, γ
α
ρi(zi)]|wi=0 +
r∑
β=1
γβρiT
β
iα(0, zi) = 0, zi ∈ Ui, α = 1, ..., r.(4.3.5)
We note that (4.3.2) implies λρ := {λρi (wi, zi)} ∈ H
0(W,∧2TW ).
Let ǫ be a small positive number. In order to prove Theorem 4.3.1, it suffices to construct vector-valued
holomorphic functions ϕi(zi, t) = (ϕ
1
i (zi, t), ..., ϕ
r
i (zi, t)) in zi and t with |zi| < 1, |t| < ǫ with |ϕi(zi, t)| < 1,
and Λ(t) which is a convergent power series in t with coefficients in ∈ H0(W,∧2TW ) satisfying the boundary
condition
ϕi(zi, 0) = 0,
∂ϕi(zi, t)
∂tρ
|t=0 = γρi(z)
Λ(0) = Λ0
∂Λ(t)
∂tρ
|t=0 = λ
ρ
such that
ϕi(gik(ϕk(zk, t), zk), t) = fik(ϕ(zk, t), zk), (ϕk(zk, t), zk) ∈Wk ∩Wi,(4.3.6)
[Λ(t),wαi − ϕ
α
i (zi, t)]|wi=ϕi(zi,t) = 0, α = 1, ..., r(4.3.7)
[Λ(t),Λ(t)] = 0(4.3.8)
Recall Notation 1. Then the equalities (4.3.6), (4.3.7), and (4.3.8) are equivalent to the system of congruences
ϕmi (gik(ϕ
m
k (zk, t), zk), t) ≡m fik(ϕ
m
k (zk, t), zk), m = 1, 2, 3, · · ·(4.3.9)
[Λm(t),wαi − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t) ≡m 0, m = 1, 2, 3, · · · , α = 1, ..., r,(4.3.10)
[Λm(t),Λm(t)] ≡m 0, m = 1, 2, 3, · · · .(4.3.11)
We will construct the formal power series ϕmi (zi, t) and Λ
m(t) satisfying (4.3.9)m, (4.3.10)m, and (4.3.11)m
by induction on m.
We define ϕαi|1(zi, t) =
∑l
ρ=1 tργ
α
ρi(zi), and Λ1(t) =
∑l
ρ=1 tρλ
ρ. Then from (4.3.4), ϕi|1(zi, t) satisfies
(4.3.9)1. On the other hand, from (4.3.5), [Λ1(t), w
α
i ]|wi=0−[Λ0, ϕ
α
i|1(zi, t)]|wi=0+
∑r
β=1 ϕ
β
i|1(zi, t)T
β
iα(0, zi) =
0. Then we get, from (3.1.3),
[Λ0 + Λ1(t), w
α
i − ϕ
α
i|1(zi, t)] =
r∑
β=1
(wβi − ϕ
β
i|1(zi, t))T
β
iα(wi, zi)− [Λ1(t), ϕ
α
i|1(zi, t)] +
r∑
β=1
wβi P
β
iα(wi, zi, t)
for some P βiα(wi, zi, t) which are homogenous polynomials of degree 1 in t1, ..., tl with coefficients in Γ(Ui, TW )
so that we obtain [Λ1(t), wαi − ϕ
α
i|1(zi, t)]|wi=ϕi|1(zi,t) ≡1 0, which implies (4.3.10)1. Lastly from (4.3.3), we
have −[Λ1(t),Λ0] = 0 so that [Λ0 + Λ1(t),Λ0 + Λ1(t)] ≡1 2[Λ0,Λ1(t)] = 0, which implies (4.3.11)1. Hence
the induction holds for m = 1.
Now we assume that we have already constructed ϕmi (zi, t) = (ϕ
1m
i (zi, t), · · · , ϕ
αm
i (zi, t), · · · , ϕ
rm
i (zi, t))
satisfying (4.3.9)m, (4.3.10)m and (4.3.11)m such that for α = 1, ...r,
[Λm(t), wαi − ϕ
αm
i (zi, t)] =
r∑
β=1
(wβi − ϕ
βm
i (zi, t))T
β
iα(wi, zi) +Q
αm
i (zi, t) +
r∑
β=1
wβi P
βm
iα (wi, zi, t)(4.3.12)
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such that the degree of P βmiα (wi, zi, t) is at least 1 in t1, ..., tl. We note that we can rewrite (4.3.12) in the
following way.
r∑
β=1
(wβi − ϕ
βm
i (zi, t))T
β
iα(wi, zi) +Q
αm
i (zi, t) +
r∑
β=1
φβmi (zi, t)P
βm
iα (ϕ
m
i (zi, t), zi, t) +
r∑
β=1
(wβi − ϕ
βm
i (zi, t))L
β
iα(wi, zi, t)
such that the degree of Lβiα(wi, zi, t) in t1, ..., tl is at least 1 so that (4.3.12) becomes the following form:
[Λm(t), wαi − ϕ
αm
i (zi, t)] =
r∑
β=1
(wβi − ϕ
βm
i (zi, t))T
β
iα(wi, zi) +K
αm
i (zi, t) +
r∑
β=1
(wβi − ϕ
βm
i (zi, t))L
β
iα(wi, zi, t)
(4.3.13)
where Kαmi (zi, t) := Q
αm
i (zi, t) +
∑r
β=1 φ
βm
i (zi, t)P
βm
iα (ϕ
m
i (zi, t), zi, t).
We set
ψik(zk, t) := [ϕ
m
i (gik(ϕ
m
k (zk, t), zk), t)− fik(ϕ
m
k (zk, t), zk)]m+1(4.3.14)
Gαi (zi, t) := [[Λ
m(t), wαi − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1, α = 1, ..., r.(4.3.15)
Π(t) := [[Λm(t),Λm(t)]]m+1(4.3.16)
We claim that({(0)}, (ψ1ik(zk, t), ..., ψ
r
ik(zk, t))}) ⊕ (−
1
2Π(t), {(G
1
i (zi, t), ..., G
r
i (zi, t))}) defines a 1-cocycle
in the following Cˇech resolution of (∧2TW ⊕ i∗NV/W )
•
C0(U ,∧4TW ⊕ i∗(NW/V ⊗ ∧
2TW |V ))
∇˜
x
C0(U ,∧3TW ⊕ i∗(NW/V ⊗ TW |V ))
δ
−−−−→ C1(U ,∧4TW ⊕ i∗(NW/V ⊗ TW |V ))
∇˜
x ∇˜x
C0(U ,∧2TW ⊕ i∗NW/V )
−δ
−−−−→ C1(U ,∧2TW ⊕ i∗NW/V )
δ
−−−−→ C2(U ,∧4TW ⊕ i∗NW/V )
By defining ψik(z, t) = ψik(zk, t) for (0, zk) ∈ Uk ∩ Ui, we have the equality (see [Kod62] p.152-153)
ψik(z, t) = ψij(z, t) + Fij · ψjk(z, t), for z ∈ Ui ∩ Uj ∩ Uk(4.3.17)
On the other hand, by applying [Λm(t),−] on (4.3.13), we have
[
1
2
[Λm(t),Λm(t)], wαi − ϕ
αm
i (zi, t)] =
r∑
β=1
−[Λm(t), wβi − ϕ
βm
i (zi, t)] ∧ T
β
iα(wi, zi) +
r∑
β=1
(wβi − ϕ
βm
i (zi, t))[Λ
m(t), T βiα(wi, zi)]
(4.3.18)
+ [Λm(t),Kαmi (zi, t)] +
r∑
β=1
−[Λm(t), wβi − ϕ
βm
i (zi, t)] ∧ L
β
iα(wi, zi, t) +
r∑
β=1
(wβi − ϕ
βm
i (zi, t))[Λ
m(t), Lβiα(wi, zi, t)]
By restricting (4.3.18) to wi = ϕ
m
i (zi, t), sinceG
α
i (zi, t) ≡m 0, α = 1, ..., r, Π(t) ≡m 0, the degree L
β
iα(wi, zi, t)
is at least 1 in t1, ..., tl and we have, from (4.3.13),
Gαi (zi, t) ≡m+1 K
αm
i (zi, t) = Q
αm
i (zi, t) +
r∑
β=1
φβmi (zi, t)P
βm
iα (ϕ
m
i (zi, t), zi, t),(4.3.19)
we obtain
[
1
2
Π(t), wαi ]|wi=0 =
r∑
β=1
−Gβi (zi, t) ∧ T
β
iα(0, zi) + [Λ0, G
α
i (zi, t)]|wi=0(4.3.20)
Next, since fαik(wk, zk)−ϕ
αm
i (gik(wk, zk), t)−(f
α
ik(ϕ
m
k (zk, t), zk)−ϕ
αm
i (gik(ϕ
m
k (zk, t), zk), t) =
∑r
β=1(w
β
k−
ϕβmk (zk, t)) · S
β
kα(wk, zk, t) for some S
β
kα(wk, zk, t). By setting t = 0, we get f
α
ik(wk, zk) − f
α
ik(0, zk) =
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∑r
β=1w
β
k ·S
β
kα(wk, zk, 0), and then by taking the derivative with respect to w
γ
k ans setting wk = 0, we obtain
∂fαik(wk,zk)
∂wγ
k
|wi=0 = S
γ
kα(0, zk, 0). Then we have
[Λm(t), fαik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)]|wk=ϕmk (zk,t) + [Λ0, ψ
α
ik(zk, t)]|wk=0
≡m+1 [Λ
m(t), fαik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)]|wk=ϕmk (zk,t) + [Λ
m(t), ψαik(zk, t)]|wk=ϕmk (zk,t)
≡m+1 [Λ
m(t), fαik(wk, zk)− ϕ
αm
i (gik(wk, zk), t) + ψ
α
ik(zk, t)]|wk=ϕmk (zk,t)
≡m+1 [Λ
m(t),
r∑
β=1
(wβk − ϕ
βm
k (zk, t))S
β
kα(wk, zk, t)]|wk=ϕmk (zk,t)
≡m+1
r∑
β=1
[Λm(t), wβk − ϕ
βm
k (zk, t)]|wk=ϕmk (zk,t) · S
β
kα(ϕ
m
k (zk, t), zk, t)
≡m+1
r∑
β=1
Gβk (zk, t) · S
β
kα(0, zk, 0) ≡m+1
r∑
β=1
Gβk (zk, t) ·
∂fαik(wk, zk)
∂wβk
|wk=0
Hence we obtain the equality
[Λm(t), fαik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)]|wk=ϕmk (zk,t) + [Λ0, ψ
α
ik(zk, t)]|wk=0 =
r∑
β=1
Gβk (zk, t) ·
∂fαik(wk, zk)
∂wβk
|wk=0
(4.3.21)
On the other hand, from (4.3.13), we have
[Λm(t), fαik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)] =
r∑
β=1
(fβik(wk, zk)− ϕ
βm
i (gik(wk, zk), t))T
β
iα(wi, zi)(4.3.22)
+Kαmi (zi, t) +
r∑
β=1
(fβik(wk, zk)− ϕ
βm
i (gik(wk, zk), t))L
β
iα(wi, zi, t)
By restricting (4.3.22) to wk = ϕ
m
k (zi, t), we get
[Λm(t), fαik(wk, zk)− ϕ
αm
i (gik(wk, zk), t)]|wk=ϕmk (zk,t) ≡m+1
r∑
β=1
−ψβik(zk, t)T
β
iα(0, zi) +G
α
i (zi, t)(4.3.23)
Hence from (4.3.21) and (4.3.23), we get
r∑
β=1
−ψβik(zk, t)T
β
iα(0, zi) +G
α
i (zi, t) + [Λ0, ψ
α
ik(zk, t)]|wk=0 =
r∑
β=1
Gβk (zk, t) ·
∂fαik(wk, zk)
∂wβk
|wk=0
Lastly, [Λ0,Π(t)] ≡m+1 [Λ0, [Λm(t),Λm(t)]] ≡m+1 [Λm(t), [Λm(t),Λm(t)]] = 0 so that we get
−[−
1
2
Π(t),Λ0] = 0(4.3.24)
Hence from (4.3.17), (4.3.20), (4.3.21) and (4.3.24),
({(0)}, (ψ1ik(zk, t), ..., ψ
r
ik(zk, t))})⊕ (−
1
2
Π(t), {(G1i (zi, t), ..., G
r
i (zi, t)}))
defines a 1-cocycle in the above complex so that we get the claim. We call ψm+1(t) := {(ψ1ik(zk, t), ..., ψ
r
ik(zk, t))},
Gm+1(t) := {(G1i (zi, t), ..., G
r
i (zi, t))} and Πm+1(t) := −
1
2Π(t) the m-th obstruction so that the coefficients
of (0, ψm+1(t)) ⊕ (
1
2Πm+1(t), Gm+1(t)) in t1, ..., tl lies in H
1(W, (∧2TW ⊕ i∗NV/W )
•).
On the other hand, by hypothesis, the cohomology group H1(W, (∧2TW ⊕ i∗NV/W )
•) vanishes. There-
fore there exists Λi|m+1(t), ϕ
α
i|m+1(zi, t), α = 1, ..., r such that ψik(z, t) = Fik(z)ϕk|m+1(z, t) − ϕi|m+1(z, t),
[Λm+1(t), w
α
i ]|wi=0+
∑r
β=1 ϕ
β
i|m+1(zi, t)T
β
iα(0, zi)−[Λ0, ϕ
α
i|m+1(zi, t)]|wi=0 = −G
α
i (zi, t) and−[Λm+1(t),Λ0] =
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1
2Π(t). Then we can show (4.3.9)m+1 (for the detail, see [Kod62] p.154). On the other hand,
[Λm+1(t), w
α
i ]− [Λ0, ϕ
α
i|m+1(zi, t)] = −
r∑
β=1
ϕβi|m+1(zi, t)T
β
iα(wi, zi)−G
α
i (zi, t) +
r∑
β=1
wβi R
β
iα(wi, zi, t)
(4.3.25)
where the degree of Rβiα(wi, zi, t) is m+ 1 in t. Let [Λ
m(t) − Λ0,−ϕi|m+1(zi, t)] + [Λ|m+1(t),−ϕ
αm
i (zi, t)−
ϕi|m+1(zi, t)] = H
αm
i (zi, t) +
∑r
β=1 w
β
i M
β
iα(wi, zi, t), where the degree of H
αm
i (zi, t) and M
β
iα(wi, zi, t) is at
least m+ 2. Then from (4.3.12) and (4.3.25), we have
[Λm(t) + Λm+1(t), w
α
i − ϕ
αm
i (zi, t)− ϕ
α
i|m+1(zi, t)](4.3.26)
= [Λm(t), wαi − ϕ
αm
i (zi, t)] + [Λ
m(t)− Λ0,−ϕ
α
i|m+1(zi, t)] + [Λ0,−ϕ
α
i|m+1(zi, t)]
+ [Λm+1(t), w
α
i ] + [Λm+1(t),−ϕ
αm
i (zi, t)− ϕi|m+1(zi, t)]
=
r∑
β=1
(wβi − ϕ
βm
i − ϕ
β
i|m+1)T
β
iα(wi, zi) +Q
αm
i (zi, t)−G
α
i (zi, t) +H
αm
i (zi, t)
+
r∑
β=1
wαi (P
βm
iα (wi, zi, t) +R
β
iα(wi, zi, t) +M
β
iα(wi, zi, t))
We show that [Λm+1(t), wαi −ϕ
αm+1
i ]|wi=ϕαm+1i
≡m+1 0. Indeed, by restricting (4.3.26) to wi = ϕ
m+1
i (zi, t),
we get, from (4.3.19).
[Λm+1(t), wαi − ϕ
α(m+1)
i (zi, t)]|wi=ϕm+1i (zi,t)
≡m+1 Q
αm
i (zi, t)−G
α
i (zi, t) +
r∑
β=1
(ϕαmi (zi, t) + ϕ
α
i|m+1(zi, t))P
βm
iα (ϕ
m
i (zi, t) + ϕi|m+1(zi, t), zi, t)
≡m+1 Q
αm
i (zi, t)−G
α
i (zi, t) +
r∑
β=1
ϕαmi (zi, t)P
βm
iα (ϕ
m
i (zi, t), zi, t) ≡m+1 K
αm
i (zi, t)−G
α
i (zi, t) ≡m+1 0
which shows (4.3.10)m+1. Lastly [Λ
m(t)+Λm+1(t),Λ
m(t)+Λm+1(t)] ≡m+1 [Λm(t),Λm(t)]+2[Λ0,Λm+1(t)] ≡m+1
[Λm(t),Λm(t)] − Π(t) ≡m+1 0 which shows (4.3.11)m+1. This completes the inductive constructions of
ϕmi (zi, t), i ∈ I, and Λ
m(t).
4.4. Proof of convergence.
We will show that we can choose ϕi|m(zi, t) and Λm(t) in each inductive step so that the formal power
series ϕi(zi, t), i ∈ I and Λ(t) constructed in the previous subsection, converges absolutely for |t| < ǫ for a
sufficiently small number ǫ > 0.
We keep the notations in subsection 3.4. For instance, Λ0 = Λi(wi, zi) =
∑r+d
p,q=1 Λ
i
pq(wi, zi)
∂
∂xpi
∧ ∂
∂xqi
with Λipq(wi, zi) = −Λ
i
pq(wi, zi), where xi = (wi, zi) on Wi, and W
δ
i is the subdomain of Wi consisting of all
points (wi, zi), |wi| < 1− δ, |zi| < 1− δ for a sufficiently small number δ > 0 such that {W δi |i ∈ I} forms a
covering of W , and {U δi = W
δ
i ∩ V |i ∈ I} forms a covering of V . Recall Notation 3. We denote Λ
m(t) on
Wi by Λ
m
i (wi, zi, t) and Π
m(t) on Wi by Π
m
i (wi, zi, t). Then Λ
m
i (wi, zi, t) is of the form
Λmi (wi, zi, t) =
r+d∑
p,q=1
Λimpq (wi, zi, t)
∂
∂xpi
∧
∂
∂xqi
, Λimpq (wi, zi, t) = −Λ
im
qp (wi, zi, t)(4.4.1)
such that Λi0pq(wi, zi, t) = Λ
i
pq(wi, zi). We may assume that |F
λ
ikµ(0, z)| < c0 with c0 > 1. Then ϕi|1(zi, t)≪
A(t) and Λi|1(wi, zi, t)≪ A(t) if b is sufficiently large. Now, assuming the inequalities
ϕmi (zi, t)≪ A(t), Λ
m
i (wi, zi, t)− Λi(wi, zi)≪ A(t), (wi, zi) ∈ W
δ
i(4.4.2)
for an integer m ≥ 1, we will estimate the coefficients of the homogenous polynomials ψik(z, t),Πi(wi, zi, t),
and Gαi (zi, t) from (4.3.14), (4.3.15), and (4.3.16).
First we estimate ψik(z, t). As in (3.4.4), we have
ψik(zk, t)≪ c3A(t), zk ∈ Uk ∩ Ui,(4.4.3)
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where c3 = 2rc0
4c1ra
b
(
2d
δ + rc1
)
b > max{2c1ra,
4c1ra
δ
}.(4.4.4)
Next we estimate Gαi (zi, t). We note that
Gαi (zi, t) ≡m+1 [Λ
m
i (wi, zi, t), w
α
i − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)
(4.4.5)
≡m+1 [Λ
m
i (wi, zi, t)− Λi(wi, zi), w
α
i ]|wi=ϕmi (zi,t) − [Λ
m
i (wi, zi, t)− Λi(wi, zi), ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)
+ [Λi(wi, zi), w
α
i − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)
We estimate each term in (4.4.5). First we estimate [[Λmi (wi, zi, t) − Λi(wi, zi), w
α
i ]|wi=ϕmi (zi,t)]m+1 in
(4.4.5). We note that
[
d+r∑
p,q=1
(Λimpq (wi, zi, t)− Λ
i
pq(wi, zi))
∂
∂xpi
∧
∂
∂xqi
, wαi ]|wi=ϕmi (zi,t) =
d+r∑
p,q=1
2(Λimpq (ϕ
m
i (zi, t), zi, t)− Λ
i
pq(ϕ
m
i (zi, t), zi))
∂wαi
∂xpi
∂
∂xqi
(4.4.6)
On the other hand, Φimpq (wi, zi, t) := Λ
im
pq (wi, zi, t)−Λ
i
pq(wi, zi)≪ A(t) from (4.4.2) and has the degree≤ m
in t. For any p, q, we expand Φimpq (wi, zi, t) into power series in w
1
i , ...w
r
i whose coefficients are holomorphic
functions of z = (0, zi) defined on Ui:
Φimpq (wi, zi, t) =
∑
µ1,...,µr≥0
Φimpq,µ1,...,µr(zi, t)w
1µ1
i · · ·w
rµr
i(4.4.7)
If (wi, zi) ∈W δi , we have, by Cauchy’s integral formula,
Φimpq,µ1,...,µr(zi, t) =
(
1
2πi
)r ∫
|ξ1−w1i |=δ
· · ·
∫
|ξr−wri |=δ
Φimpq (wi, zi, t)
(ξ1 − w1i )
µ1+1 · · · (ξr − wri )
µr+1
dξ1 · · · dξr
so that we get
Φimpq,µ1,...,µr(zi, t)≪ A(t)
1
δµ1+···+µr
(4.4.8)
Since constant terms of Φimpq (wi, zi, t) with respect to w
1
i , ..., w
r
i does not contribute to [[Λ
m
i (wi, zi, t) −
Λi(wi, zi), w
α
i ]|wi=ϕmi (zi,t)]m+1, from (4.4.7) and (4.4.8), we have, assuming
a
bδ <
1
2 , (for the detail, see
[Kod05] p.300)
Φimpq (ϕ
m
i (zi, t), zi, t)≪ A(t)
∑
µ1+...+µr≥1
(
A(t)
δ
)µ1+···+µr
≪
2r+1
δ
A(t)2 ≪
2r+1a
bδ
A(t)(4.4.9)
Then from (4.4.6) and (4.4.9), we obtain
[[Λmi (wi, zi, t)− Λi(wi, zi), w
α
i ]|wi=ϕmi (zi,t)]m+1 ≪ 2(d+ r)
2 2
r+1a
bδ
A(t)(4.4.10)
Next we estimate [[Λmi (wi, zi, t) − Λi(wi, zi), ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1 in (4.4.5). From (4.4.2) and
(3.4.12), we have
[
d+r∑
p,q=1
(Λimpq (wi, zi, t)− Λ
i
pq(wi, zi))
∂
∂xpi
∧
∂
∂xqi
, ϕαmi (zi, t)]|wi=ϕmi (zi,t)(4.4.11)
=
d+r∑
p,q=1
2(Λimpq (ϕ
m
i (zi, t), zi, t)− Λ
i
pq(ϕ
m
i (zi, t), zi))
∂ϕαmi (zi, t)
∂xpi
∂
∂xqi
≪ 2(d+ r)2A(t)
A(t)
δ
≪ 2(d+ r)2
a
bδ
A(t)
Hence we get
[[Λmi (wi, zi, t)− Λi(wi, zi), ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1 ≪ 2(d+ r)
2 a
bδ
A(t)(4.4.12)
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We estimate [Λi(wi, zi), w
α
i − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t) in (4.4.5). This comes from (3.4.15):
[[Λi(wi, zi), w
α
i − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1 ≪ e2A(t), z ∈ U
δ
i(4.4.13)
where e2 =
4(d+r)2e21r
2a
b +
4(r+d)e1ra
δb with b > 2e1ra.
Hence from (4.4.10), (4.4.12), (4.4.13), we get
Gαi (zi, t) = [[Λ
m
i (wi, zi, t), w
α
i − ϕ
αm
i (zi, t)]|wi=ϕmi (zi,t)]m+1 ≪ e3A(t)(4.4.14)
where e3 =
(d+r)22r+2a
bδ +
2(d+r)2a
bδ + e2 with
b > max{
2a
δ
, 2e1ra}(4.4.15)
Next we estimate Πi(wi, zi, t) = [[Λ
m
i (wi, zi, t),Λ
m
i (wi, zi, t)]]m+1. Since Πi(wi, zi, t) ≡m 0 and
Πi(wi, zi, t) ≡m+1 [Λ
m
i (wi, zi, t),Λ
m
i (wi, zi, t)]
≡m+1 [Λ
m
i (wi, zi, t)− Λi(wi, zi),Λ
m
i (wi, zi, t)− Λi(wi, zi)] + 2[Λi(wi, zi),Λ
m
i (wi, zi)− Λi(wi, zi)],
we have
Πi(wi, zi, t) = [[Λ
m
i (wi, zi, t)− Λi(wi, zi),Λ
m
i (wi, zi, t)− Λi(wi, zi)]]m+1(4.4.16)
We note the following two remarks.
Remark 4.4.17. Let σ =
∑
p,q σ
pq ∂
∂xp
∧ ∂∂xq with σpq = −σqp and φ =
∑
l,k φ
lk ∂
∂xl
∧ ∂∂xk with φlk = −φkl.
Then [σ, φ] =
∑
p,q,l,k[σ
pq ∂
∂xp
∧ ∂∂xq , φ
lk ∂
∂xl
∧ ∂∂xk ] =
∑
p,q,l,k[σ
pq ∂
∂xp
, φlk ∂∂xl ]
∂
∂xq
∧ ∂∂xk −φ
lk[σpq ∂∂xp ,
∂
∂xk
] ∂∂xq ∧
∂
∂xl
− σpq[ ∂∂xq , φ
lk ∂
∂xl
] ∂∂xp ∧
∂
∂xk
=
∑
p,q,l,k σ
pq ∂φ
lk
∂xp
∂
∂xl
∧ ∂∂xq ∧
∂
∂xk
− φlk ∂σ
pq
∂xl
∂
∂xp
∧ ∂∂xq ∧
∂
∂xk
+ φlk ∂σ
pq
∂xk
∂
∂xp
∧
∂
∂xq
∧ ∂∂xl − σ
pq ∂φ
lk
∂xq
∂
∂xl
∧ ∂∂xp ∧
∂
∂xk
Remark 4.4.18.
∂(Λimpq (xi, t)− Λ
i
pq(xi))
∂xsi
=
1
2πi
∫
|ξ−xsi |=δ
Λimpq (x
1
i , ...
s−th
ξ , ..., xd+ri , t)− Λ
i
pq(x
1
i , ...,
s−th
ξ , ..., xd+ri )
(ξ − xsi )
2
dξ ≪
A(t)
δ
, xi ∈W
δ
i
By Remark 4.4.17, Remark 4.4.18 and (4.4.2), we have
[Λmi (wi, zi, t)− Λi(wi, zi),Λ
m
i (wi, zi, t)− Λi(wi, zi)](4.4.19)
= [
d+r∑
p,q=1
(Λimpq (wi, zi, t)− Λ
i
pq(wi, zi))
∂
∂xpi
∧
∂
∂xqi
,
d+r∑
p,q=1
(Λimpq (wi, zi, t)− Λ
i
pq(wi, zi))
∂
∂xpi
∧
∂
∂xqi
]
≪ 4(d+ r)4A(t) ·
A(t)
δ
≪
4(d+ r)4a
δb
A(t)
Hence from (4.4.16) and (4.4.19), we obtain
1
2
Πi(wi, zi, t)≪ 4(d+ r)
4A(t) ·
A(t)
δ
≪
2(d+ r)4a
δb
A(t) = e4A(t)(4.4.20)
where e4 =
2(d+r)4a
δb .
Notation 4. We consider P k =
∑d+r
α,β=1 P
k
αβ(xk)
∂
∂xα
k
∧ ∂
∂xβ
k
∈ Γ(Wi,∧
2TW ) to be a vector-valued holomorphic
function Pk(x) = (P
k
αβ(xk))α,β=1,...,d+r onWk. OnWi∩Wk, P
k is translated to
∑d+r
α,β,p,q=1 P
k
αβ(xk)
∂hp
ik
∂xα
k
∂hq
ik
∂xβ
k
∂
∂xpi
∧
∂
∂xqi
which corresponds to a vector-valued holomorphic function (
∑d+r
α,β=1 P
k
αβ(xk)
∂hp
ik
∂xα
k
∂hq
ik
∂xβ
k
)p,q=1,...,d+r on Wi
denoted by Hik(x)P
k(x).
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Lemma 4.4.21. We can choose the homogenous polynomials ϕi|m+1(z, t),Λi|m+1(w, z, t), i ∈ I, satisfying
ψik(z, t) = Fik(z)ϕk|m+1(z, t)− ϕi|m+1(z, t)
−Gαi (z, t) = [Λi|m+1(w, z, t), w
α
i ]|wi=0 − [ϕ
α
i|m+1(z, t),Λ0]|wi=0 +
r∑
β=1
ϕi|m+1(z, t)T
β
iα(0, z)
1
2
Πi(wi, zi, t) = −[Λi|m+1(w, z, t),Λ0]
(Θik(w, z, t) = Hik(w, z)Λk|m+1(w, z, t)− Λi|m+1(w, z, t) = 0)
in such a way that ϕi|m+1(z, t) ≪ c4(c3 + e3 + e4)A(t) and Λi|m+1(w, z, t) ≪ c4(c3 + e3 + e4)A(t) for
(w, z) ∈ W δi , where c4 is independent of m.
Proof. For any 0-cochain (π, ϕ) = ({πi}, {ϕi}), and 1-cochain (Θ, ψ) ⊕ (Π, G) = ({Θik(w, z)}, {ψik(z)}) ⊕
({Πi(w, z)}, {
∑r
α=1G
α
i (z)e
α
i }), we define the norms of (π, ϕ) and (Θ, ψ)⊕ (Π, G) by
||(π, ϕ)|| := max
i
sup
x=(w,z)∈Wi
|πi(w, z)|+max
i
sup
z∈Ui
|ϕi(z)|,
||(Θ, ψ)⊕ (Π, G)|| := max
i,k
sup
x=(w,z)∈Wi∩Wk
|Θik(w, z)|+max
i
sup
(w,z)∈W δi
|Πi(w, z)|+max
i,k
sup
z∈Ui∩Uk
|ψik(z)|+max
i,α
sup
z∈Uδi
|Gαi (z)|
The coboundary of (π, ϕ) is defined by
δ˜(π, ϕ) := ({−Hik(x)πk(x) + πi(x)}, {−Fik(z)ϕk(z) + ϕi(z)})
⊕ ({−[πi(x),Λ0]}, {⊕
r
α=1

[πi(x), wαi ]|wi=0 − [ϕαi (z),Λ0]|wi=0 +
r∑
β=1
ϕβi (z)T
β
iα(0, z)

 eαi })
For any coboundary of the form (0, ψ)⊕ (Π, G), we define
ι((0, ψ)⊕ (Π, G)) = inf
δ˜(π,ϕ)=(0,ψ)⊕(Π,G)
||(π, ϕ)||
To prove Lemma 4.4.21, it suffices to show the existence of a constant c such that ι((0, ψ) ⊕ (Π, G)) ≤
c||(0, ψ) ⊕ (Π, G)||. Assume that such a constant does not exist. Then we can find a sequence (0, ψ(µ)) ⊕
(Π(µ), G(µ)) such that
ι((0, ψ(µ))⊕ (Π(µ), G(µ))) = 1, ||(0, ψ(µ))⊕ (Π(µ), G(µ))|| <
1
µ
Then there exists (π(µ), ϕ(µ)) with δ(π(µ), ϕ(µ)) = (0, ψ(µ))⊕ (Π(µ), G(µ)) satisfying ||π(µ)|| < 2 and ||ϕ(µ)|| <
2. We note that π(µ) is a global bivector field in H0(W,∧2TW ). We take a covering {W¯ δi } of W and a
covering {U¯ δi = W¯
δ
i ∩ Ui} of V . Since |π
µ
k (x)| < 2 for x ∈ Wk and |φ
µ
k (z)| < 2 for z ∈ Uk = Wk ∩ V ,
there exists a subsequence (π(µ1), ϕ(µ1)), (π(µ2), ϕ(µ2)), · · · , (π(µv), ϕ(µv)), · · · of (π(µ), ϕ(µ)) such that π
(µv)
k
converges absolutely and uniformly on W¯ δk for each k, and ϕ
(µv)
k converges absolutely and uniformly on
U¯ δk . Since W is compact, we can choose a subsequence that works for all k. On the other hand, since
||(0, ψ(µ))⊕ (Π(µ), G(µ))|| < 1µ , we have
Hik(x)π
(µ)
k (x) = π
(µ)
i (x), x ∈Wi ∩Wk, |Fik(z)ϕ
(µ)
k (z)− ϕ
(µ)
i (z)| <
1
µ
, z ∈ Ui ∩ Uk(4.4.22)
| − [π
(µ)
i (x),Λ0]| <
1
µ
, x ∈W δi , |[π
(µv)
i , w
α
i ]|wi=0 − [ϕ
α(µv)
i ,Λ0]|wi=0 +
r∑
β=1
ϕ
β(µ)
i T
β
iα(0, z)| <
1
µ
, z ∈ U δi
Let πi(x) = limv π
(µv)
i (x) and ϕk(z) = limv ϕ
(µv)
i (z). Since π
(µv)
i converges absolutely and uniformly on
W δi , πi is holomorphic on W
δ
i . Since {W
δ
i } covers W , and πi(x) = Hik(x)πk(x) for x ∈ Wi ∩ Wk, we
get {πi(x)} ∈ H0(W,∧2TW ). On the other hand, ϕ
µv
i (z) converges absolutely and uniformly on Ui. Let
π := {πi(x)} and ϕ := {ϕi(z)}. Then we have ||(π(µv) − π, ϕ(µv) − ϕ)|| → 0 as n→∞. On the other hand,
by (4.4.22), δ˜(π, ϕ) = (0, 0) ⊕ (−[π,Λ0], {Gi,π,ϕ}), where −[π,Λ0](x) = 0 for x ∈ W
δ
i (hence −[π,Λ0] = 0)
and Gi,π,ϕ(z) = 0 for z ∈ U δi (hence Gi,π,ϕ = 0 by identity theorem) so that δ˜(π, ϕ) = (0, 0) ⊕ (0, 0).
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Hence we have δ˜(π(µv), ϕ(µv)) = δ˜(π(µv) − π, ϕ(µv) − φ) = (0, ψ(µv)) ⊕ (Π(µv), G(µv)) which contradicts to
ι((0, ψ(µv))⊕ (Π(µv), G(µv))) = 1. 
From (4.4.3), (4.4.14) and (4.4.20), we have
c4(c3 + e3 + e4) = c4c3 + c4e3 + c4e4
(4.4.23)
=
8c4c0c1r
2a
b
(
2d
δ
+ rc1
)
+ c4
(
(d+ r)22r+2a
bδ
+
2(d+ r)2a
bδ
)
+ c4
(
4(d+ r)2e21r
2a
b
+
4(r + d)e1ra
δb
)
+ c4
2(d+ r)4a
δb
.
From (4.4.4), (4.4.15), (4.4.23) and Lemma 4.4.21, by assuming
b > 8c4c0c1r
2a
(
2d
δ
+ rc1
)
+ c4
(
(d+ r)22r+2a
δ
+
2(d+ r)2a
δ
)
+ c4
(
4(d+ r)2e21r
2a+
4(r + d)e1ra
δ
)
+ c4
2(d+ r)4a
δ
+max{2c1ra,
4c1ra
δ
,
2a
δ
, 2e1ra},
we can choose ϕi|m+1(zi, t) ≪ A(t) and Λi|m+1(wi, zi, t)≪ A(t) and so ϕi(zi, t)≪ A(t), and Λi(wi, zi, t)−
Λi(wi, zi)≪ A(t) so that ϕi(zi, t) and Λi(wi, zi, t) converges for |t| <
1
lb . Then we obtain the equality
ϕi(gik(ϕk(zk, t), zk), t) = fik(ϕk(zk, t), zk), for |t| < ǫ, (ϕk(zk, t), zk) ∈ W
δ
i ∩W
δ
k
[Λi(wi, zi, t), w
α
i − ϕ
α
i (zi, t)]|wi=ϕi(zi,t) = 0
[Λi(wi, zi, t),Λi(wi, zi, t)] = 0
for a sufficiently small number ǫ > 0. This completes the proof of Theorem 4.3.1.

In the case H1(W, (∧2TW ⊕ i∗NV/W )
•) 6= 0, our proof of Theorem 4.3.1 also proves the following:
Theorem 4.4.24. If the obstruction (0, ψm+1(t)) ⊕ (
1
2Πm+1(t), Gm+1(t)) vanishes for each integer m ≥ 1,
then there exists an extended Poisson analytic family V of compact holomorphic Poisson submanifolds Vt, t ∈
M1, of (W,Λt) such that V0 = V ⊂ (W,Λ0) and the characteristic map
σ0 : T0(M1)→ H
0(W, (∧2TW ⊕ i∗NV/W )
•)
∂
∂t
7→
(
∂(Λt, Vt)
∂t
)
t=0
is an isomorphism.
4.5. Maximal families: Theorem of completeness.
Definition 4.5.1. Let V ⊂ (W×M,Λ)
ω
−→M be an extended Poisson analytic family of compact holomorphic
Poisson submanifolds of W so that ω−1(t) = Vt is a compact holomorphic Poisson submanifold of (W,Λt), t ∈
M and let t0 be a point on M . We say that V
ω
−→M is maximal at t0 if, for any extended Poisson analytic
family V ′ ⊂ (W ×M ′,Λ′)
ω′
−→ M ′ of compact holomorphic Poisson submanifolds of W such that Λt0 = Λ
′
t′
0
and ω−1(t0) = ω
′−1(t′0), t
′
0 ∈ M
′, there exists a holomorphic map h of a neighborhood N ′ of t′0 on M
′ into
M which maps t′0 to t0 such that ω
′−1(t′) = ω−1(h(t′)) and Λ′t′ = Λh(t′) for t
′ ∈ N ′. We note that if we
set a holomorphic map hˆ : W × N ′ → W × M defined by (w, t′) → (w, h(t′)), then hˆ is a Poisson map
(W × N ′,Λ′) → (W ×M,Λ) and the restriction map of hˆ to V ′|N ′ = ω′−1(N ′) ⊂ (W × N ′,Λ′) defines a
Poisson map V ′|N ′ → V so that V ′|N ′ is the family induced from V by h, which means V
ω
−→ M is complete
at t0.
Theorem 4.5.2 (theorem of completeness). Let V ⊂ (W ×M1,Λ) be an extended Poisson analytic family
of compact holomorphic Poisson submanifolds Vt of (W,Λt). If the characteristic map
ρ0 : T0(M1)→ H
0(W, (∧2TW ⊕ i∗NW/V0)
•)
∂
∂t
7→
(
∂(Λt, Vt)
∂t
)
t=0
is bijective, then the family V is maximal at t = 0.
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Proof. Consider an arbitrary extended Poisson analytic family V ′ ⊂ (W ×M,Λ′) of compact holomorphic
Poisson submanifolds V ′s , s ∈M
′ of (W,Λ′s), where M
′ = {s = (s1, ..., sq) ∈ Cq||s| < 1}. We will construct a
holomorphic map h : s→ t = h(s) of a neighborhood N ′ of 0 in M ′ into M1 with h(0) = 0, V ′s = Vh(s) and
Λ′s = Λh(s).
We keep the notations in subsection 4.2 so that the holomorphic Poisson submanifold Vt of (W,Λt) is
defined on each domain Wi, i ∈ I by the equation wi = ϕi(zi, t) and satisfy
[Λi(wi, zi, t), w
α
i − ϕ
α
i (zi, t)] =
r∑
β=1
(wβi − ϕ
β
i (zi, t))T
β
iα(wi, zi, t)(4.5.3)
We may assume that V ′s is defined in each domainWi, i ∈ I by wi = θi(zi, s) where θi(zi, s) is a vector-valued
holomorphic function of zi and s, |zi| < 1, |s| < 1, and let Λ′i(wi, zi, s) be the Poisson structure on Wi ×M
′
induced from Λ′. Then we have
[Λ′i(wi, zi, s), w
α
i − θ
α
i (zi, s)] =
r∑
β=1
(wβi − θ
β
i (zi, s))P
β
iα(wi, zi, s)(4.5.4)
for some P βiα(wi, zi, s) which are power series in s with coefficients in Γ(Wi, TW ) and P
β
iα(0, zi, 0) = T
β
iα(0, zi).
Then V ′s = Vh(s) and Λ
′
s = Λh(s) are equivalent to the simultaneous equations
θi(zi, s) = ϕi(zi, h(s)), Λ
′
i(wi, zi, s) = Λi(wi, zi, h(s)), i ∈ I, m = 1, 2, 3, ...(4.5.5)
Recall Notation 1 and let us write h(s) = h1(s)+h2(s)+· · · , ϕi(zi, t) = ϕi|1(zi, t)+ϕi|2(zi, t)+· · · , θi(zi, s) =
θi|1(zi, s) + θi|2(zi, s) + · · · ,Λi(wi, zi, t) = Λi(wi, zi) + Λi|1(wi, zi, t) + Λi|2(wi, zi, t) + · · · , and Λ
′
i(wi, zi, s) =
Λi(wi, zi)+Λ
′
i|1(wi, zi, s)+Λ
′
i|2(wi, zi, s)+ · · · . We will construct h(s) satisfying (4.5.5) by solving the system
of congruences by induction on m
θi(zi, s) ≡m ϕi(zi, h
m(s)), Λ′i(wi, zi, s) ≡m Λi(wi, zi, h
m(s)), i ∈ I, m = 1, 2, 3, · · ·(4.5.6)
Since σ0 : T0(M1) → H
0(W, (∧2TW ⊕ i∗NV0/W )
•) is an isomorphism by the hypothesis, any element
({Bi(wi, zi)}, {ωi(zi)}) ∈ H0(W, (∧2TW ⊕ i∗NV0/W )
•) can be written uniquely in the form
ωi(z) = ϕi|1(zi, u) =
l∑
α=1
∂ϕi(zi, t)
∂tα
|t=0u
α, Bi(wi, zi) = Λi|1(wi, zi, u) =
l∑
α=1
∂Λi(wi, zi, t)
∂tα
|t=0u
α
for some constant u = (u1, ..., ul). Hence since ({Λ′i|1(wi, zi, s)}, {θi|1(zi, s)}), i ∈ I represents a linear
form in s whose coefficients are in H0(W, (∧2TW ⊕ i∗NV0/W )
•), there exists a linear vector-valued func-
tion h1(s) of s such that θi|1(zi, s) = ϕi|1(zi, h
1(s)), and Λ′i|1(wi, zi, s) = Λi|1(wi, zi, h
1(s)). This shows
(4.5.6)1. Now suppose that we have already constructed h
m(s) satisfying (4.5.6)m. We will find hm+1(s)
such that hm+1(s) = hm(s) + hm+1(s) satisfy (4.5.6)m+1. Let ωi(zi, s) = [θi(zi, s)− ϕi(zi, hm(s))]m+1, and
Bi(wi, zi, s) = [Λ
′
i(wi, zi, s)− Λi(wi, zi, h
m(s))]m+1. We claim that
ωi(zi, s) = Fik(z) · ωk(zk, s)(4.5.7)
[Bi(wi, zi, s), w
α
i ]|wi=0 − [ω
α
i (zi, s),Λ0]|wi=0 +
r∑
β=1
ωβi (zi, s)T
β
iα(zi) = 0(4.5.8)
Bi(wi, zi, s)−Bj(wj , zj, s) = 0(4.5.9)
− [Bi(wi, zi, s),Λ0] = 0(4.5.10)
(4.5.7) follows from [Kod62] p.160. Since Λ′i(wi, zi, s) = Λ
′
j(wj , zj, s) and Λi(wi, zi, t) = Λj(wj , zj , t), we get
(4.5.9). Since 2[Λ0, Bi(wi, zi, s)] ≡m+1 [Λ′i(wi, zi, s) + Λi(wi, zi, h
m(s)),Λ′i(wi, zi, s)− Λi(wi, zi, h
m(s))] = 0,
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we get (4.5.10). It remains to show (4.5.8). From (4.5.3) and (4.5.4), we have
[Λ0, ω
α
i (zi, s)]|wi=0 ≡m+1 [Λ
′
i(wi, zi, s), ω
α
i (zi, s)]|wi=θi(zi,s)
≡m+1 [Λ
′
i(wi, zi, s), θ
α
i (zi, s)− w
α
i + w
α
i − ϕ
α
i (zi, h
m(s))]|wi=θi(zi,s)
≡m+1 −[Λ
′
i(wi, zi, s), w
α
i − θ
α
i (zi, s)]|wi=θi(zi,s) + [Λ
′
i(wi, zi, s), w
α
i − ϕ
α
i (zi, h
m(s))]|wi=θi(zi,s)
≡m+1 [Bi(wi, zi, s), w
α
i − ϕ
α
i (zi, h
m(s))]|wi=θi(zi,s) + [Λi(wi, zi, h
m(s)), wαi − ϕ
α
i (zi, h
m(s))]|wi=θi(zi,s)
≡m+1 [Bi(wi, zi, s), w
α
i ]|wi=0 +
r∑
β=1
(θβi (zi, s)− ϕ
β
i (zi, h(s)))T
β
iα(θi(zi, s), zi, h(s))
≡m+1 [Bi(wi, zi, s), w
α
i ]|wi=0 +
r∑
β=1
ωβi (zi, s)T
β
iα(0, zi)
This proves (4.5.8). From (4.5.7), (4.5.8), (4.5.9), and (4.5.10), ({Bi(wi, zi, s)}, {ωi(zi, s)}) is a homogenous
polynomial of degreem+1 in s with coefficients in H0(W, (∧2TW ⊕i∗NV0/W )
•) so that there exists a homoge-
nous polynomial hm+1(s) of degree m + 1 in s such that ωi(zi, s) = ϕi|1(zi, hm+1(s)), and Bi(wi, zi, s) =
Λi|1(wi, zi, hm+1(s)) so that we have ϕi(zi, h
m+1(s)) ≡m+1 ϕi(zi, h
m(s)) + ωi(zi, s) ≡m+1 θi(zi, s), and
Λi(wi, zi, h
m+1(s)) ≡m+1 Λi(wi, zi, hm(s)) + Bi(wi, zi, s) ≡m+1 Λ′i(wi, zi, s), which completes the inductive
construction of hm+1(s) satisfying (4.5.6)m+1.
4.6. Proof of convergence.
The convergence of the power series h(s) follows from the same arguments in [Kod62]. This completes
the proof of Theorem 4.5.2.

Example 9. We describe holomorphic Poisson structures on rational ruled surfaces Fm = P(OP1
C
(m) ⊕
OP1
C
),m ≥ 0 explictly. Fm can be represented in the following way. Take two copies of Ui × P1C, i = 1, 2,
where Ui = C and write the coordinates as (z, [ξ0, ξ1]) and (z
′, [ξ′0, ξ
′
1]). Patch Ui×P
1
C
, i = 1, 2 by the relation
z′ = 1z and [ξ
′
0, ξ
′
1] = [ξ0, z
mξ1]. We set ξ =
ξ1
ξ0
and ξ′ =
ξ′1
ξ′
0
. Then we have ∂∂z′ = −z
2 ∂
∂z + mzξ
∂
∂ξ and
∂
∂ξ′ = z
−m ∂
∂ξ so that
∂
∂z′ ∧
∂
∂ξ′ = −z
−m+2 ∂
∂z ∧
∂
∂ξ . We note that a holomorphic bivector field on U1 × P
1
is of the form (d(z) + e(z)ξ + f(z)ξ2) ∂∂z ∧
∂
∂ξ , and a holomorphic bivector field on U2 × P
1
C
is of the form
(p(z′) + q(z′)ξ′ + r(z′)ξ′2) ∂∂z′ ∧
∂
∂ξ′ , where d(z), e(z), f(z) are entire functions of z and p(z
′), q(z′), r(z′) are
entire functions of z′. For a holomorphic bivector field on Fm which has the form on each Ui × P1C, we must
have d(z)+ e(z)ξ+ f(z)ξ2 = −(p(1z )+ q(
1
z )z
mξ+ r(1z )z
2mξ2)z−m+2 = −p(1z )z
−m+2− q(1z )z
2ξ− r(1z )z
m+2ξ2
so that
d(z) = −p
(
1
z
)
z−m+2, e(z) = −q
(
1
z
)
z2, f(z) = −r
(
1
z
)
zm+2
(1) In the case of m = 0, we have d(z) = a0 + a1z + a2z
2, e(z) = b0 + b1z + b2z
2, f(z) = c0 + c1z + c2z
2
so that H0(F0,∧2TF0) ∼= C
9.
(2) In the case of m = 1, we have d(z) = a0 + a1z, e(z) = b0 + b1z + b2z
2, f(z) = c0 + c1z + c2z
2 + c3z
3
so that H0(F1,∧2TF1) ∼= C
9.
(3) In the case of m = 2, we have d(z) = a0, e(z) = b0+ b1z + b2z
2, f(z) = c0 + c1z + c2z
2+ c3z
3+ c4z
4
so that H0(F2,∧
2TF2)
∼= C9.
(4) In the case of m ≥ 3, we have d(z) = 0, e(z) = b0 + b1z + b2z2, f(z) = c0 + c1z + · · · cm+2zm+2 so
that H0(Fm,∧2TFm) ∼= C
m+6.
In the sequel, we keep the notations in Example 9.
Example 10. Let us consider a rational ruled surface F0 ∼= P1C × P
1
C
. Let us consider the Poisson structure
Λ0 = ξ
∂
∂z ∧
∂
∂ξ . Then ξ = 0 defines a holomorphic Poisson submanifold on F0 which is a nonsingular rational
curve ∼= P1C and the normal bundle is NP1C/F0
∼= OP1
C
. We compute H0(F0, (∧2TF0 ⊕ i∗NP1
C
/F0)
•) which is the
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kernel of ∇˜ : H0(F0,∧2TF0)⊕ C→ H
0(P1
C
, TF0 |P1). Since [Λ0, ξ] = −ξ
∂
∂z , we have as the image of ∇˜,
[
(
a0 + a1z + a2z
2 + (b0 + b1z + b2z
2)ξ + (c0 + c1z + c2z
2)ξ2
) ∂
∂z
∧
∂
∂ξ
, ξ]|ξ=0 − d
∂
∂z
= −(a0 + a1z + a2z
2)
∂
∂z
− d
∂
∂z
= −(a0 + d+ a1z + a2z
2)
∂
∂z
where d is a constant. Hence dimH0(F0, (∧2TF0 ⊕ i∗(NP1
C
/F0)) = 7.
[(−d+ (1 + b0 + b1z + b2z
2)ξ + (c0 + c1z + c2z
2)ξ2)
∂
∂z
∧
∂
∂ξ
, ξ − d]|ξ=d
= −(b0d+ c0d
2 + (b1d+ c1d
2)z + (b2d+ c2d
2)z2)
∂
∂z
= ∇˜((b0d+ c0d
2 + (b1d+ c1d
2)z + (b2d+ c2d
2)z2)
∂
∂z
∧
∂
∂ξ
, 0))
so that obstruction vanishes and an extended Poisson analytic family
V ⊂ (F0 × C
7, (−d− (b0d+ c0d
2)− (b1d+ c1d
2)z − (b2d+ c2d
2)z2 + (1 + b0 + b1z + b2z
2)ξ + (c0 + c1z + c2z
2)ξ2)
∂
∂z
∧
∂
∂ξ
)
defined by ξ = d has the characteristic map
T0C
7 → H0(F0, (∧
2TF0 ⊕ i∗(NP1
C
/F0))
(a0, ..., a6) 7→ ((−a0 + (a1 + a2z + a3z
2)ξ + (a4 + a5z + a6z
2)ξ2)
∂
∂z
∧
∂
∂ξ
, a0)
which is an isomorphism so that V is complete.
Example 11. Let us consider a rational ruled surface F1. Let us consider the Poisson structure Λ0 =
ξ ∂∂z ∧
∂
∂ξ . Then ξ = 0 defines a holomorphic Poisson submanifold on F1 which is a nonsingular rational curve
∼= P1C and the normal bundle is NP1C/F1
∼= OP1
C
(−1) so that H0(P1
C
,NP1
C
/F1) = 0. We compute H
0(F1, (∧2TF1⊕
i∗NP1
C
/F1)
•) which is the kernel of ∇˜ : H0(F1,∧2TF1)→ H
0(P1
C
, TF1 |P1
C
(−1)). Since [Λ0, ξ] = −ξ
∂
∂z , we have
as the image of ∇˜,
[
(
a0 + a1z + (b0 + b1z + b2z
2)ξ + (c0 + c1z + c2z
2 + c3z
3)ξ2
) ∂
∂z
∧
∂
∂ξ
, ξ]|ξ=0 = −(a0 + a1z)
∂
∂z
so that H0(F1, (∧2TF1 ⊕ i∗NP1
C
/F1)
•) = 7 and an extended Poisson analytic family
V ⊂ (F0 × C
7, ((1 + b0 + b1z + b2z
2)ξ + (c0 + c1z + c2z
2 + c3z
3)ξ2)
∂
∂z
∧
∂
∂ξ
)
defined by ξ = d has the characteristic map
T0C
7 → H0(F1, (∧
2TF1 ⊕ i∗(NP1
C
/F1))
(a0, ..., a6) 7→ ((a0 + a1z + a2z
2)ξ + (a3 + a4z + a5z
2 + a6z
3)ξ2)
∂
∂z
∧
∂
∂ξ
, 0)
which is an isomorphism so that V is complete.
Example 12. Let us consider a rational ruled surface Fm,m ≥ 3. Let us consider the trivial Poisson
structure Λ0 = 0 on Fm. Then ξ = 0 defines a holomorphic Poisson submanifold which is a nonsingular
rational curve ∼= P1C and the normal bundle is NP1C/Fm
∼= OP1(−m) so that H
0(P1
C
,NP1
C
/Fm) = 0. Hence
H0(Fm, (∧2TFm ⊕ i∗NP1
C
/Fm)
•) = H0(Fm,∧2TFm) = k
m+6. Let us consider an extended Poisson analytic
family V ⊂ (Fm×Cm+6,Λ(t) = ((t0+ t1z+ t2z2)ξ+(t3+ t4z+ · · ·+ tm+5zm+2)ξ2)
∂
∂z ∧
∂
∂ξ ) defined by ξ = 0.
Then the characteristic map
T0C
m+6 ∼=−→ H0(Fm, (∧
2TFm ⊕ i∗NP1
C
/Fm)
•)
(a0, ..., am+5) 7→
(
((a0 + a1z + a2z
2)ξ + (a3 + a4z + · · ·+ am+5z
m+2)ξ2)
∂
∂z
∧
∂
∂ξ
, 0
)
is an isomorphism so that V is complete at 0.
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5. Stability of compact holomorphic Poisson submanifolds
We extend the definition of a fibre manifold in [Kod63] in the context of the holomorphic Poisson category.
Definition 5.0.1. By a holomorphic Poisson fibre manifold, we shall mean a holomorphic Poisson manifold
(W ,Λ) together with a holomorphic map p of W onto a complex manifold B such that the rank of the
Jacobian of p at each point of W is equal to the dimension of B and Λ ∈ H0(W ,∧2TW/B) with [Λ,Λ] = 0.
For any point u ∈ B, the inverse image p−1(u) = (Wu,Λu) is a holomorphic Poisson submanifold of (W ,Λ)
and call it the fibre of (W ,Λ) over u. We will denote the holomorphic Poisson fibre manifold (W ,Λ) by the
quadruple (W ,Λ, B, p). We note that a holomorphic Poisson fibre manifold is a Poisson analytic family in
the sense of [Kim14b] when fibres are compact. For any subdomain N of B, we call the holomorphic Poisson
fibre manifold (p−1(N),Λ|p−1(N), N, p) the restriction of (W ,Λ) to N and denote it by (W ,Λ)|N . Let V be
a holomorphic Poisson submanifold of (W ,Λ)|N such that p(V) = N . We call V a holomorphic Poisson
fibre submanifold of the holomorphic Poisson fibre manifold (W ,Λ)|N if and only if (V ,Λ|V , N, p) forms a
holomorphic Poisson fibre manifold. If, moreover, each fibre Vu = V ∩Wu, u ∈ N , of V is compact, we call
V a holomorphic Poisson fibre submanifold with compact fibres of the holomorphic Poisson fibre manifold
(W ,Λ)|N .
We extend the definition of stability in [Kod63] in the context of the holomorphic Poisson category.
Definition 5.0.2. Let V be a compact holomorphic Poisson submanifold of a holomorphic Poisson manifold
(W,Λ0). We call V a stable holomorphic Poisson submanifold of (W,Λ0) if and only if, for any holomorphic
Poisson fibre manifold (W ,Λ, B, p) such that p−1(0) = (W,Λ0) for a point 0 ∈ B, there exist a neighborhood
N of 0 in B and a holomorphic Poisson fibre submanifold V with compact fibres of the holomorphic Poisson
fibre manifold (W ,Λ)|N such that V ∩W = V .
5.1. Stability of compact holomorphic Poisson submanifolds.
Theorem 5.1.1 (compare [Kod63] Theorem 1). Let V be a compact holomorphic Poisson submanifold of a
holomorphic Poisson manifold (W,Λ0). Let N •V/W be the complex associated with the normal bundle NV/W
as in Definition 3.1.13. If the first cohomology group H1(V,N •V/W ) vanishes, then V is a stable holomorphic
Poisson submanifold of (W,Λ0).
To prove Theorem 5.1.1, we extend the argument in [Kod63] p.80-85 in the context of holomorphic Poisson
deformations. We tried to maintain notational consistency with [Kod63].
Let (W ,Λ, B, p) be a holomorphic Poisson fibre manifold such that p−1(0) = (W,Λ0) for a point 0 ∈ B
and let (u1, ..., uq) denote a local coordinate on B with the center 0. Considering V ⊂ W ⊂ W as a
submanifold of (W ,Λ0), we cover V by a finite number of coordinate neighborhood Ui in W and choose
a local coordinate (zi, wi, u) = (z
1
i , ..., z
d
i , w
1
i , ..., w
r
i , u
1, ..., uq) such that the simultaneous equations w1i =
· · · = wri = u
1 = · · · = uq = 0 define V . We assume that each neighborhood Ui is a polycylinder consisting
of all points (zi, wi, u), |zi| < 1, |wi| < 1, |u| < 1. On the intersection Ui ∩ Uk the local coordinates zαi , w
λ
i
are holomorphic functions of zk, wk, u: z
α
i = g
α
ik(zk, wk, u), α = 1, ..., d, w
λ
i = f
λ
ik(zk, wk, u), λ = 1, ..., r. Note
that fλik(zk, 0, 0) = 0. We set Uk = V ∩ Uk. We denote a point on V by z and, if z = (zk, 0, 0) ∈ Uk, we
call zk = (z
1
k, ..., z
d
k) the local coordinate of z on Uk. We define a
λ
ikµ(z) =
(
∂fλik(zk,wk,u)
∂wµ
k
)
wk=u=0
, bλikρ(z) =(
∂fλik(zk,wk,u)
∂uρ
)
wk=w=0
. Then the normal bundle of V in W is defined by the system of transition matrices(
aik(z) biz(z)
0 1q
)
so that we have the exact sequence 0 → NV/W → NV/W → ⊕
qOV → 0. On the other
hand, since wii = · · · = w
r
i = u
1 = · · · = uq = 0 defines a holomorphic Poisson submanifold, [Λ, wαi ] =∑r
β=1w
α
i T
β
iα(zi, wi, u) +
∑q
ρ=1 u
ρT q+ρiα (zi, wi, u) for some T
γ
iα(zi, wi, u) ∈ Γ(Ui, TW), γ = 1, ..., r + q, and
[Λ, uρ] = 0. We note that T γiα(zi, 0, 0) ∈ Γ(Ui, TW |V ). Setting T
γ
i(q+ρ)(zi, wi, u) := 0 for ρ = 1, ..., q, γ =
1, ..., r + q, we can write [Λ, uη] =
∑r
β=1 w
α
i T
β
i(r+η)(zi, wi, u) +
∑q
ρ=1 u
ρT r+ρi(r+η)(zi, wi, u).
We note that we can extend 0→ NV/W → NV/W → ⊕
qOV → 0 to obtain an exact sequence of complex
of sheaves
0→ N •V/W → R
• → Q• → 0 :(5.1.2)
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· · · · · · · · ·
∇W
x ∇Wx −[−,Λ]|Vx
0 −−−−→ NV/W ⊗ ∧
2TW |V −−−−→ R2 := NV/W ⊗ ∧
2TW |V −−−−→ Q2 := ⊕q ∧2 TW |V −−−−→ 0
∇W
x ∇Wx −[−,Λ]|Vx
0 −−−−→ NV/W ⊗ TW |V −−−−→ R
1 := NV/W ⊗ TW |V −−−−→ Q
1 := ⊕qTW |V −−−−→ 0
∇W
x ∇Wx −[−,Λ]|Vx
0 −−−−→ NV/W −−−−→ R
0 := NV/W −−−−→ Q
0 := ⊕qOV −−−−→ 0
where the first vertical complexN •V/W is the complex associated with the normal bundleNV/W and the second
vertical complex R• is the subcomplex of the complex N •V/W associated with the normal bundle NV/W as
in Definition 3.1.13. First we show that the second vertical complex is well-defined. Indeed, we simply note
that T βi(r+ρ)(zi, 0, 0) = 0, ρ = 1, ..., q, β = 1, .., r + q, T
β
iα(zi, 0, 0) ∈ Γ(Ui, TW |V ), α = 1, ..., r, β = 1, ..., r + q,
and −[g,Λ]|V ∈ Γ(Ui,∧p+1TW |V ) for g ∈ Γ(Ui,∧pTW |V ).
Next we show that the sequence of complex of sheaves (5.1.2) is well-defined. In other words, the above
diagram commutes. The commutativity of the first two complexes follows from the following local commu-
tativity:
(−[f1i ,Λ] + (−1)
p∑r
β=1 f
β
i
T
β
i1
(zi), ...,−[f
r
i ,Λ] + (−1)
p∑r
β=1 f
β
i
T
β
ir
(zi) −−−−−−→ (−[f
1
i ,Λ] + (−1)
p∑r
β=1 f
β
i
T
β
i1
(zi), ...,−[f
r
i ,Λ] + (−1)
p∑r
β=1 f
β
i
T
β
ir
(zi), 0, ..., 0)
x
x
(f1i , ..., f
r
i ) −−−−−−→ (f
1
i , ..., f
r
i , 0, ..., 0)
where (f1i , ..., f
r
i ) ∈ ⊕
rΓ(Ui,∧pTW |V ). On the other hand, the commutativity of the last two complexes
follows from the following local commutativity:
(−[f1i ,Λ]|V + (−1)
p∑r+q
β=1
h
β
i
T
β
i1
(zi), ...,−[f
r
i ,Λ]|V + (−1)
p∑r+q
β=1
h
β
i
T
β
ir
(zi),−[g
1
i ,Λ]|V , ...,−[g
q
i
,Λ]|V ) −−−−−−→ (−[g
1
i ,Λ]|V , ...,−[g
q
i
,Λ]|V )
x
x
(h1i , ..., h
r+q
i
) := (f1i , ..., f
r
i , g
1
i , ..., g
q
i
) −−−−−−→ (g1i , ..., g
q
i
)
where (f1i , ..., f
r
i , g
1
i , ..., g
q
i ) ∈ ⊕
r+qΓ(Ui,∧pTW |V ).
Since V is compact, H0(V,Q•) = H0(V,OqV )
∼= Cq so that from the hypothesis H1(V,N •V/W ) = 0 and the
exact sequence 0→ N •V/W → R
• → Q• → 0, we obtain an exact sequence
0→ H0(V,N •W/V )→ H
0(V,R•)
κ
−→ Cq → 0(5.1.3)
Note that any element of H0(V,R•) is a collection {ψi(z)} of vector-valued holomorphic functions
ψi(z) = (ψ
1
i (z), ..., ψ
r
i (z), ψ
r+1, ..., ψr+q)
defined respectively on Ui satisfying ψ
λ
i (z) =
∑r
µ=1 a
λ
ikµψ
µ
k (z) +
∑q
ρ=1 b
λ
ikρ(z)ψ
r+ρ and −[ψλi (z),Λ]|V +∑r
β=1 ψ
β
i T
β
iλ(zi, 0, 0) +
∑q
ρ=1 ψ
r+ρT r+ρiλ (zi, 0, 0) = 0, λ = 1, ..., r and we have κψ = (ψ
r+1, ..., ψr+q).
Let Mǫ = {t = (t1, ..., tn) ∈ Cn||t| < ǫ}, where ǫ is a small positive number. Consider a Poisson
analytic family F of compact holomorphic Poisson submanifolds Vt, t ∈ Mǫ, of (W ,Λ) such that V0 =
V (see Definition 3.0.1). Then F is a holomorphic Poisson submanifold of (W × Mǫ,Λ) such that F ∩
(W × t) = Vt × t. We assume that F is covered by the neighborhoods Ui ×Mǫ. On each neighborhood
Ui × Mǫ, the holomorphic Poisson submanifold F is defined by simultaneous holomorphic equations of
the form wλi = θ
λ
i (zi, t), λ = 1, ..., r, u
ρ = θr+ρ(t), ρ = 1, ..., q. For any tangent vector ∂∂t =
∑
v cv
∂
∂tv
of Mǫ at t = 0, we set ψ
λ
i (z) =
(
∂θλi (zi,t)
∂t
)
t=0
, λ = 1, ..., r, ψr+ρ =
(
∂θr+ρ(t)
∂t
)
t=0
, ρ = 1, ..., q and let
ψi(z) = (ψ
1
i (z), ..., ψ
r
i (z), ψ
r+1, ..., ψr+q). Then the collection {ψi(z)} of ψi(z) represents an element of
H0(V,N •W/V ) = H
0(V,R•) (see subsection 3.2). With this preparation, we prove
Theorem 5.1.4 (compare [Kod63] Theorem 2). There exists a Poisson analytic family F of compact holo-
morphic Poisson submanifolds Vt, where t ∈ Mǫ, ǫ > 0, of (W ,Λ) such that V0 = V and the characteristic
map: ∂∂t →
∂Vt
∂t |t=0 maps the tangent space T0(Mǫ) isomorphically onto H
0(V,N •W/V ) = H
0(V,R•) provided
that cohomology group H1(V,N •W/V ) vanishes.
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Proof. Let n = H0(V,R•). We can choose a base {β1, ..., βn} of H0(V,R•) such that βr+ρv = 1 if v = n−q+ρ
or βr+ρv = 0 otherwise for ρ = 1, ..., q.
We shall construct on each neighborhood Ui ×Mǫ a vector-valued holomorphic function of the form
φi(zi, t) = (θ
1
i (zi, t), ..., θ
r
i (zi, t), tn−q+1, ..., tn), where t = (t1, ..., tn)
satisfying the boundary conditions
φi(zi, 0) = 0,(
∂φi(zi, t)
∂tv
)
t=0
= βvi(z), v = 1, ..., n.
such that
φi(gik(zk, φk(zk, t)), t) = fik(zk, φk(zk, t)),(5.1.5)
[Λ, wαi − θ
α
i (zi, t)]|wαi =θαi (zi,t),uρ=tn−q+ρ = 0, α = 1, ..., r.(5.1.6)
(Note that we have [Λ, uρ − tn−q+ρ] = 0, ρ = 1, ..., q so that we do not need to consider them.)
Recall Notation 1. Then (5.1.5) and (5.1.6) are equivalent to the system of congruences
φmi (gik(zk, φ
m
k (zk, t)), t) ≡m fik(zk, φ
m
k (zk, t)), m = 1, 2, 3, · · ·(5.1.7)
[Λ, wαi − θ
αm
i (zi, t)]|wi=θαmi (zi,t),uρ=tn−q+ρ ≡m 0, m = 1, 2, 3, · · · , α = 1, ..., r(5.1.8)
As in the proof of Theorem 3.3.1, we will construct the formal power series
φmi (zi, t) = (θ
1m
i (zi, t), · · · , θ
rm
i (zi, t), tn−q+1, ..., tn)
satisfying (5.1.7)m and (5.1.8)m by induction on m.
We define φ1i (zi, t) =
∑n
v=1 βvi(z)tv. Then (5.1.7)1 holds. On the other hand, since [Λ, β
α
vi(z)]|w1=u=0 =∑r+q
β=1 β
β
vi(z)T
β
iα(zi, 0, 0), α = 1, ..., r, [Λ, w
α
i − θ
α1
i (zi, t)] is of the form
r∑
β=1
(wβi − θ
β1
i (zi, t))T
β
iα(zi, wi, u) +
q∑
ρ=1
(uρ − tn−q+ρ)T
n−q+ρ
iα (zi, wi, u) +
r∑
β=1
wβi P
β
iα(zi, wi, u, t) +
q∑
ρ=1
uρPn−q+ρiα (zi, wi, u, t),
where the degree of P γiα(zi, wi, u, t), γ = 1, ..., r + q in t is 1 so that (5.1.8)1 holds. Now we assume that we
have already constructed φmi (zi, t) satisfying (5.1.7)m and (5.1.8)m such that [Λ, w
α
i − θ
αm
i (zi, t)] is of the
form (as in (3.3.8))
[Λ, wαi − θ
αm
i (zi, t)] =
r∑
β=1
(wβi − θ
βm
i (zi, t))T
β
iα(zi, wi, u) +
q∑
ρ=1
(uρ − tn−q+ρ)T
n−q+ρ
iα (zi, wi, u) +Q
αm
i (zi, t)
(5.1.9)
+
r∑
β=1
wβi P
βm
iα (zi, wi, u, t) +
q∑
ρ=1
uρP
(n−q+ρ)m
iα (zi, wi, u, t).
such that the degree of P γmiα (zi, wi, u, t), γ = 1, ..., r + q is at least 1 in t. Let
ψik(z, t) ≡m+1 φ
m
i (gik(zk, φ
m
k (zk, t), t)− fik(zk, φ
m
k (zk, t))
Gαi (zi, t) ≡m+1 [Λ, w
α
i − θ
αm
i (zi, t)]|wαi =θαmi (zi,t),uρ=tn−q+ρ
As in the proof of Theorem 3.3.1, we can show that the collection {ψik(z, t)} ∈ C1(U ∩ V,NV/W) and
{(G1i (zi, t), ..., G
r
i (zi, t), 0, ..., 0)} ∈ C
0(U ∩ V,NV/W ⊗ TW |V ) define a 1-cocycle in the Cˇech resolution of
N •V/W .
We note that {ψik(z, t)} are in C1(U ∩ V,NV/W ) and {(G
1
i (zi, t), ..., G
r
i (zi, t))} are in C
0(U ∩ V,NV/W ⊗
TW |V ) so that ({ψik(z, t)}, {(G1i (zi, t), ..., G
r
i (zi, t))}) define an element inH
1(V,N •V/W ). SinceH
1(V,N •V/W ) =
0, there exists {χi(z, t) = (χ1i (z, t), ..., χ
r
i (z, t))} which are homogenous polynomials of degreem+1 in t1, ..., tn
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whose coefficients are in C0(U ∩ V,NV/W ) such that
ψλik(z, t) =
r∑
µ=1
aλikµ(z)χ
µ
k(z, t)− χ
λ
i (z, t), λ = 1, ..., r.
−Gαi (zi, t) = −[χ
α
i (zi, t),Λ0]|wi=0 +
r∑
β=1
χβi (zi, t)T
β
iα(zi, 0, 0), α = 1, ..., r.
= −[χαi (zi, t),Λ]|wi=u=0 +
r∑
β=1
χβi (zi, t)T
β
iα(zi, 0, 0)(5.1.10)
We define φi|m+1(zi, t) = (χ
1
i (zi, t), ..., χ
r
i (zi, t), 0, ..., 0). Then φ
m
i (zi, t) = φ
m
i (zi, t) + φi|m+1(zi, t) satisfy
(5.1.7)m+1. On the other hand, from (5.1.10), we have
−[χαi (zi, t),Λ] = −G
α
i (zi, t)−
r∑
β=1
χβi (zi, t)T
β
iα(zi, wi, u) +
r∑
β=1
wβi R
β
iα(zi, wi, u, t) +
q∑
ρ=1
un−q+ρRq+ρiα (zi, wi, u, t)
where the degree of Rγiα(zi, wi, u, t) is m+ 1 in t. Therefore we have, from (5.1.9),
[Λ, wαi − θ
αm
i (zi, t)− χ
α
i (zi, t)] =
r∑
β=1
(wβi − θ
βm
i (zi, t)− χ
β
i (zi, t))T
β
iα(zi, wi, u) +
q∑
ρ=1
(uρ − tn−q+ρ)T
r+ρ
iα (zi, wi, u)
−Gαi (zi, t) +Q
αm
i (zi, t) +
r∑
β=1
wβi (P
βm
iα (zi, wi, u, t) +R
β
iα(zi, wi, u, t)) +
q∑
ρ=1
uρ(P
(r+ρ)m
iα (zi, wi, u, t) +R
n−q+ρ
iα (zi, wi, u, t))
Lastly, we note that from (5.1.9), we have
Gαi (zi, t) ≡m+1 Q
αm
i (zi, t) +
r∑
β=1
θβmi (zi, t)P
β
iα(zi, φ
m
i (zi, t), t) +
q∑
ρ=1
tn−q+ρP
(n−q+ρ)m
iα (zi, φ
m
i (zi, t), t)
(5.1.11)
so that we obtain, from (5.1.9) and (5.1.11),
[Λ, wαi − θ
αm
i (zi, t)− χ
α
i (zi, t)]|wαi =θαmi (zi,t)+χαi (zi,t),uρ=tn−q+ρ
≡m+1 [Λ, w
α
i − θ
αm
i (zi, t)]|wαi =θαmi (zi,t)+χαi (zi,t),uρ=tn−q+ρ − [Λ, χ
α
i (zi, t)]|wi=u=0
≡m+1
r∑
β=1
χαi (zi, t)T
β
iα(zi, 0, 0) +G
α
i (zi, t)− [Λ, χ
α
i (zi, t)]|wi=u=0 = 0
Hence (5.1.8)m+1 holds. By subsection 3.4, the formal power series φi(zi, t) converges for |t| < ǫ for sufficiently
small positive number ǫ. Let Mǫ = {t = (t1, ..., tn) ∈ Cn||t| < ǫ}. Then on each neighborhood Ui ×Mǫ of
W ×Mǫ, the simultaneous equation wαi − θ
α
i (zi, t) = u
ρ − tn−q+r = 0, α = 1, ..., r, ρ = 1, ..., q defines the
desired Poisson analytic family F of compact holomorphic Poisson submanifolds of Vt, t ∈Mǫ of (W ,Λ) such
that V0 = V . This completes the proof of Theorem 5.1.4. 
Proof of Theorem 5.1.1. Let Nǫ = {u = (u1, ..., uq) ∈ B||u| < ǫ}, where ǫ is a small positive number. Let
F ⊂ (W ×Mǫ,Λ) be the Poisson analytic family of compact holomorphic Poisson submanifolds Vt, t ∈ Mǫ
of (W ,Λ) defined by wλi = θ
λ
i (zi, t), λ = 1, 2, ..., r, u
ρ = tn−q+ρ, ρ = 1, 2, ..., q on Ui ×Mǫ as in the proof
of Theorem 5.1.4. If we define a linear map u → t(u) = (0, ..., 0, u1, ..., uq) of Nǫ into Mǫ, then the union
V =
⋃
u Vt(u) of the compact holomorphic Poisson submanifolds Vt(u), u ∈ Nǫ of (W ,Λ) which is defined by
wλi = θ
λ
i (zi, 0, · · · , 0, u
1, · · · , uq) := ηλi (zi, u
1, · · · , uq) on Ui forms a holomorphic Poisson fibre submanifold
with compact fibres of the holomorphic Poisson fibre manifold (W ,Λ)|Nǫ with V ∩W = V so that V is a
stable holomorphic Poisson submanifold of (W,Λ0). 
As in Theorem 3 in [Kod63], by combining the exact sequence (5.1.3) and Theorem 5.1.1, we can show
Theorem 5.1.12. Let (W ,Λ, B, p) be a holomorphic Poisson fibre manifold such that (W,Λ0) = p−1(0) is
the fibre of (W ,Λ) over a point 0 ∈ B. Let V be a compact holomorphic Poisson submanifold of (W,Λ0).
Assume that H1(V,N •W/V ) = H
0(V,N •W/V ) = 0. Then, for a sufficiently small neighborhood N of 0 ∈ B,
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there exists the unique holomorphic Poisson fibre submanifold V with compact fibers of the holomorphic
Poisson fibre manifold (W ,Λ)|N such that V ∩W = V .
Example 13. We keep the notations in Example 9. Let us consider a Poisson rational ruled surface
(F2, z
2ξ ∂∂z ∧
∂
∂ξ ). We show that the holomorphic Poisson submanifold ξ = ξ
′ = 0 of (F2, z
2ξ ∂∂z ∧
∂
∂ξ ) is
unstable. Take two copies of Ui × P
1
C
× C, where Ui = C and write the coordinates as (z, [ξ0, ξ1], t) and
(z′, [ξ′0, ξ
′
1], t
′). Patch Ui × P1C × C, i = 1, 2 by the relation z
′ = 1z , t = t
′ and [ξ′0, ξ
′
1] = [ξ0, z
2ξ1 + tzξ0] and
denote it by X. Then the projection π : X → C define a complex analytic family of deformations of F2. We
give a holomorphic Poisson structure on X to make a Poisson analytic family. We set ξ = ξ1ξ0 and ξ
′ =
ξ′1
ξ′
0
.
Since −ξ′ ∂∂z′ ∧
∂
∂ξ′ = (z
2ξ+ tz) ∂∂z ∧
∂
∂ξ , π : (X,Λ = (z
2ξ+ tz) ∂∂z ∧
∂
∂ξ )→ C defines a Poisson analytic family.
Since ξ = ξ′ = 0 can not be extended to a complex analytic family as in [Kod63] p.86, it can not be extended
to a Poisson analytic family as a holomorphic Poisson fibre submanifold of (X,Λ) so that it is not stable.
Example 14. Let us consider F0 ∼= P1C × P
1
C
and a Poisson structure Λ0 = ξ
∂
∂z ∧
∂
∂ξ on F0. We keep the
notations in Example 9. We show that the holomorphic Poisson submanifold V : ξ = 0 is unstable. Let us
consider a Poisson analytic family (F0×C,Λ = (ξ−tz)
∂
∂z ∧
∂
∂ξ ). Assume that there is a holomorphic Poisson
fibre manifold of V ⊂ (F0 ×B,Λ), where B = {t ∈ C||t| < ǫ} for a sufficiently small number ǫ > 0 such that
V|t=0 is ξ = ξ
′ = 0. We may assume that V is defined by ξ−ϕ1(z, t) = 0 on U1×P
1
C
×C and ξ′−ϕ2(z
′, t) = 0
on U2×P1C×C, where Ui = C, i = 1, 2 so that we have a relation ϕ1(z, t)−ϕ2(
1
z , t) = 0. Hence ϕi(z, t) is of
the from ϕ1(z, t) = f(t). On the other hand, since ξ−ϕ1(z, t) defines a holomorphic Poisson submanifold of
F0 × C, [Λ, ξ − ϕ1(z, t)]|ξ=ϕ1(z,t) = 0 so that −(ξ − tz)
∂
∂z |ξ−ϕ1(z,t) = 0 ⇐⇒ ϕ1(z, t) = tz which contradicts
to ϕ1(z, t) = f(t). Hence V : ξ = 0 is not stable as a holomorphic Poisson submanifold while it is stable as
a complex submanifold since H1(V,NV/F0)
∼= H1(P1C,OP1C) = 0.
Appendix A. Deformations of Poisson structures
We denote by Art the category of local artinian k-algebras with residue field k, where k is an algebraically
closed field with characteristic 0, and by k[ǫ] by the ring of dual numbers.
Definition A.0.13. Let (Y,Λ0) be a nonsingular Poisson variety. An infinitesimal deformation of Λ0 over
A ∈ Art is an algebraic Poisson scheme (Y ×Spec(k)A,Λ) which induces (Y,Λ0), where Λ ∈ H
0(Y,∧2TY )⊗A.
Then for each A ∈ Art, we can define a functor of Artin rings
DefΛ0 : Art→ (sets)
A 7→ {infinitesimal deformations of Λ0 over A}
We will denote by Hi(Y,∧2T •−1Y ) the i-th hypercohomology group of the following complex of sheaves
∧2T •−1Y : ∧
2TY
−[−,Λ0]
−−−−−→ ∧3TY
−[−,Λ0]
−−−−−→ ∧4TY
−[−,Λ0]
−−−−−→ · · ·(A.0.14)
Proposition A.0.15. Let (Y,Λ0) be a nonsingular Poisson variety. Then
(1) There is a natural identification DefΛ0(k[ǫ])
∼= H0(Y,∧2T •−1Y ).
(2) Given an infinitesimal deformation η of Λ0 over A ∈ Art and a small extension 0 → (t) → A˜ →
A → 0, we can associate an element oη(e) ∈ H1(Y,∧2T
•−1
Y ), which is zero if and only if there is a
lifting of η to A˜.
Proof. Let Λ ∈ H0(Y,∧2TY )⊗k[ǫ] be an infinitesimal deformation of Λ0 over Spec(k[ǫ]) so that Λ = Λ0+ǫΛ′
for some Λ′ ∈ H0(Y,∧2TY ). Since [Λ0+ ǫΛ′,Λ0+ ǫΛ′] = 0 so that −[Λ′,Λ0] = 0. Hence Λ′ ∈ H0(Y,∧2T
•−1
Y ).
Now we identify obstructions. Consider a small extension e : 0 → (t) → A˜ → A → 0. Let η be
an infinitesimal deformations of Λ0 over A, in other words, a Poisson structure Λ ∈ H0(Y,∧2TY ) ⊗ A on
Y ×Spec(k) A over A. Let U = {Ui} be an affine open covering of Y . Then Λ is locally expressed as
Λi ∈ Γ(Ui,∧2TY )⊗A with [Λi,Λi] = 0. Let Λ˜i ∈ H0(Y,∧2TY )⊗ A˜ be an arbitrary lifting of Λi to A˜ so that
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[Λ˜i, Λ˜i] = tΠi for some Πi ∈ Γ(Ui,∧3TY ) and Λ˜i− Λ˜j = tΛ′ij for some Λ
′
ij ∈ Γ(Ui∩Uj ,∧
2TY ). Then we have
t[Λ0,Πi] = [Λ˜i, [Λ˜i, Λ˜i]] = 0 ⇐⇒ −[
1
2
Πi,Λ0] = 0(A.0.16)
(
1
2
Πi −
1
2
Πj) =
1
2
[Λ˜i, Λ˜i]−
1
2
[Λ˜j , Λ˜j] = t[Λ0,Λ
′
ij ] ⇐⇒ δ(
1
2
Πi)− [−Λ
′
ij ,Λ0] = 0(A.0.17)
t(Λ′jk − Λ
′
ik + Λ
′
ij) = Λ˜j − Λ˜k − Λ˜i + Λ˜k + Λ˜i − Λ˜j = 0 ⇐⇒ −δ(−Λ
′
ij) = 0.(A.0.18)
Hence ({ 12Πi}, {−Λ
′
ij}) ∈ C
0(U ,∧3TY )⊕C1(U ,∧2TY ) define a 1-cocycle in the following Cˇech resolution of
∧2T •−1X :
C0(U ,∧4TY )
−[−,Λ0]
x
C0(U ,∧3TY )
δ
−−−−→ C1(U ,∧3TY )
−[−,Λ0]
x −[−,Λ0]x
C0(U ,∧2TY )
−δ
−−−−→ C1(U ,∧2TY )
δ
−−−−→ C2(U ,∧2TY )
Now we choose another arbitrary lifting Λ˜′i ∈ Γ(Ui,∧
2TY )⊗A˜ of Λi. We show that the associated cohomology
class b := ({ 12Π
′
i}, {−Λ
′′
ij}) is cohomologous to a := ({
1
2Πi}, {−Λ
′
ij}). We note that Λ˜
′
i = Λ˜i + tDi for some
Di ∈ Γ(Ui,∧2TY ). Then
t
1
2
Π′i − t
1
2
Πi =
1
2
[Λ˜′i, Λ˜
′
i]−
1
2
[Λ˜i, Λ˜i] = [tDi,Λ0] ⇐⇒
1
2
Πi −
1
2
Π′ = −[Di,Λ0](A.0.19)
tΛ′′ij − tΛ
′
ij = Λ˜
′
i − Λ˜
′
j − Λ˜i + Λ˜j = t(Di −Dj) ⇐⇒ −Λ
′
ij − (−Λ
′′
ij) = −δ(Di)(A.0.20)
Hence {Di} ∈ C
0(U ,∧2TY ) is mapped to a − b so that a is cohomologous to b. So given a small extension
e : 0→ (t)→ A˜→ A→ 0, we can associate an element oη(e) := the cohomology class of a ∈ H1(Y,∧2T
•−1
Y ).
We note that oη(e) = 0 if and only if there exists a collection {Λ˜i} such that Πi = 0 (which means [Λ˜i, Λ˜i] = 0)
and Λ′ij = 0 (which means {Λ˜i} glues together to define a Poisson structure on Y × Spec(A˜)) if and only if
there is a lifting of η to A˜.

Remark A.0.21. We have an exact sequence of complex of sheaves 0→ ∧2T •−1X → T
•
X → TX → 0 :
· · · · · · · · ·
−[−.Λ0]
x −[−,Λ0]x x
0 −−−−→ ∧3TX −−−−→ ∧3TX −−−−→ 0 −−−−→ 0
−[−,Λ0]
x −[−,Λ0]x x
0 −−−−→ ∧2TX −−−−→ ∧2TX −−−−→ 0 −−−−→ 0x −[−,Λ0]x x
0 −−−−→ 0 −−−−→ TX −−−−→ TX −−−−→ 0
which induces
H
0(X,∧2T •−1X )→ H
1(X,T •X)→ H
1(X,TX)(A.0.22)
H
1(X,∧2T •−1X )→ H
2(X,T •X)→ H
2(X,TX)(A.0.23)
We also have morphisms of deformation functors
DefΛ0 → Def(X,Λ0) → DefX(A.0.24)
where Def(X,Λ0) is the functor of flat Poisson deformations of (X,Λ0) (see [Kim14a]) and DefX is the
functor of flat deformations of X (see [Ser06] p.64). Then (A.0.22) represents the morphisms of tangent
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spaces for (A.0.24) : DefΛ0(k[ǫ]) → Def(X,Λ0)(k[ǫ]) → DefX(k[ǫ]), and (A.0.23) represents the obstruction
maps for (A.0.24).
Appendix B. Deformations of Poisson closed subschemes
B.1. The local Poisson Hilbert functor.
Let X ⊂ (Y,Λ0) be a closed embedding of algebraic Poisson schemes, where (Y,Λ0) is a nonsingular
Poisson variety. An infinitesimal deformation of X in (Y,Λ0) over A ∈ Art is a cartesian diagram of
morphisms of schemes
X −−−−→ X ⊂ (Y × Spec(A),Λ0)y yπ
Spec(k) −−−−→ S = Spec(A)
where π is flat and induced by a projection from Y × S to S, and X is a Poisson closed subscheme of
(Y × S,Λ0). Then we can define a functor of Artin rings (called the local Poisson Hilbert functor of X in
(Y,Λ0))
H
(Y,Λ0)
X : Art→ (Sets)
A 7→ { infinitesimal deformations of X in (Y,Λ0) over A}
B.2. The complex associated with the normal bundle of a Poisson closed subscheme of a non-
singular Poisson variety.
Let (Y,Λ0) be a nonsingular Poisson variety and X be a Poisson closed subscheme of (Y,Λ) defined by a
Poisson ideal sheaf I. Assume that i : X →֒ Y be a regular embedding. Let {Ui} be an affine open cover of
Y such that Ii = (f
1
i , ..., f
N
i ) be a Poisson ideal of Γ(Ui,OY ) defining X ∩ Ui and {f
1
i , ..., f
N
i } is a regular
sequence. Since (f1i , ..., f
N
i ) = (f
1
j , ..., f
N
j ), f
α
i =
∑N
β=1 r
α
ijβf
β
j for some r
α
ijβ ∈ Γ(Ui ∩ Uj,OY ). Since Ii/I
2
i
is free Γ(Ui ∩X,OX)-module and generated by {fαi + I
2
i }, α = 1, ..., N , r¯
β
ijα is uniquely determined, where
r¯αijβ is the restriction of r
α
ijβ to Γ(Ui ∩ Uj ∩X,OX). Then the normal sheaf NX/Y := H omOX (I/I
2,OX)
is locally described in the following way: HomΓ(Ui∩X,OX)(Ii/I
2
i ,Γ(Ui ∩ X,OX)
∼= ⊕NΓ(Ui ∩ X,OX), φ 7→
(φ(f¯1i ), ..., φ(f¯
N
i )), where f¯
α
i is the image of f
α
i ∈ Ii in Ii/I
2
i , and on Ui∩Uj, (g
1
j , ..., g
N
j ) ∈ ⊕
NΓ(Uj ∩X,OX)
is identified with (
∑N
β=1 r¯
1
ijβg
β
j , ...,
∑N
β=1 r¯
N
ijβg
β
j ) ∈ ⊕
NOX(Ui ∩X).
On the other hand, (f1i , ..., f
N
i ) is a Poisson ideal, in other words, {f
α
i ,OY } ⊂ (f
1
i , ..., f
N
i ), α = 1, ..., N
so that [Λ0, f
α
i ] =
∑n
β=1 f
β
i T
β
iα for some T
β
iα ∈ Γ(Ui, TY ). Let T¯
β
iα be the image of T
β
iα in Γ(Ui ∩X,TY |X).
Then we have
(1) We note that
∑N
β,γ=1 r
β
ijγf
γ
j T
β
iα =
∑N
β=1 f
β
i T
β
iα = [Λ0, f
α
i ] = [Λ0,
∑N
β=1 r
α
ijβf
β
j ] =
∑N
β=1[Λ0, r
α
ijβ ]f
β
j +∑N
β=1 r
α
ijβ [Λ0, f
β
j ] =
∑N
β=1[Λ0, r
α
ijβ ]f
β
j +
∑N
β,γ=1 r
α
ijβf
γ
j T
γ
jβ . Then
∑N
γ=1 f
γ
j (
∑N
β=1 r
β
ijγT
β
iα−[Λ0, r
α
ijγ ]−∑N
β=1 r
α
ijβT
γ
jβ) = 0 so that we get
N∑
β=1
r¯βijγ T¯
β
iα = [Λ0, r
α
ijγ ] +
N∑
β=1
r¯αijβ T¯
γ
jβ(B.2.1)
where [Λ0, rαijγ ] is the image of [Λ0, r
α
ijγ ] in Γ(Ui ∩X,TY |X).
(2) By taking [Λ0,−] on [Λ0, fαi ] =
∑N
β=1 f
β
i T
β
iα, we get
∑N
β=1 f
β
i [Λ0, T
β
iα] −
∑N
β=1[Λ0, f
β
i ] ∧ T
β
iα = 0.
Then
∑N
γ=1 f
γ
i [Λ0, T
γ
iα]−
∑N
β,γ=1 f
γ
i T
γ
iβ ∧ T
β
iα =
∑N
γ=1 f
γ
i ([Λ0, T
γ
iα]−
∑N
β=1 T
γ
iβ ∧ T
β
iα) = 0 so that we
get
[Λ0, T
γ
iα]−
N∑
β=1
T¯ γiβ ∧ T¯
β
iα = 0,(B.2.2)
where [Λ0, T
γ
iα] is the image of [Λ0, T
γ
iα] in Γ(Ui ∩X,∧
2TY |X).
Now we define the complex N •X/Y associated with the normal bundle NX/Y :
N •X/Y : NX/Y
∇
−→ NX/Y ⊗ TY |X
∇
−→ NX/Y ⊗ ∧
2TY |X
∇
−→ · · ·(B.2.3)
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The complex is defined locally in the following way:
∇ : ⊕NΓ(Ui ∩X,∧
pTY |X)→ ⊕
NΓ(Ui ∩X,∧
p+1TY |X)
(g1i , ..., g
N
i ) 7→ (−[g
1
i ,Λ0] + (−1)
p
N∑
β=1
gβi ∧ T¯
β
i1, ...,−[g
N
i ,Λ0] + (−1)
p
N∑
β=1
gβi ∧ T¯
β
iN )
We denote the i-th hypercohomology group of N •X/Y by H
i(X,N •X/Y ).
Proposition B.2.4 (compare [Ser06] Proposition 3.2.1 and Proposition 3.2.6). Given a regular closed em-
bedding of algebraic Poisson schemes i : X →֒ (Y,Λ0), where (Y,Λ0) is a nonsingular Poisson variety,
then
(1) There is a natural identification
H
(Y,Λ0)
X (k[ǫ])
∼= H0(X,N •X/Y )
(2) Given an infinitesimal deformation η of X in (Y,Λ0) over A ∈ Art and a small extension e : 0 →
(t) → A˜ → A → 0, we can associate an element oη(e) ∈ H1(X,N •X/Y ), which is zero if and only if
there is a lifting of η to A˜.
Proof. Let U = {Ui} be an affine open covering of Y and let Ii = (f
1
i , ..., f
N
i ) be a Poisson ideal of Γ(Ui,OY )
defining Ui ∩X such that {f1i , · · · f
N
i } is a regular sequence. We keep the notations in subsection B.2.
A first-order deformation of X in (Y,Λ0) is a flat family
X −−−−→ X ⊂ (Y × Spec(k[ǫ]),Λ0)y y
Spec(k) −−−−→ Spec(k[ǫ])
so that X is determined by a Poisson ideal sheaf I generated by {fαi + ǫg
α
i }, α = 1, ..., N for some g
α
i ∈
Γ(Ui,OY ). Let (g¯1i , ..., g¯
N
i ) ∈ ⊕
NΓ(X ∩ Ui,OX) be the image of (g1i , ..., g
N
i ) ∈ ⊕
NΓ(Ui,OY ). Since (f1i +
ǫg1i , ..., f
N
i +ǫg
N
i ) = (f
1
j +ǫg
1
j , ..., f
N
i +ǫg
N
i ), f
α
i +ǫg
α
i =
∑N
β=1(r
α
ijβ+ǫh
α
ijβ)(f
β
j +ǫg
β
j ) for some h
α
ijβ ∈ Γ(Ui∩
Uj ,OY ) so that we have g¯αi =
∑n
β=1 r¯
α
ijβ g¯
β
i . Hence {(g¯
1
i , ..., g¯
N
i )} define a global section in H
0(X,NY/X).
On the other hand, since (f1i + ǫg
1
i , ..., f
N
i + ǫg
N
i ) is a Poisson ideal, we have [Λ0, f
α
i + ǫg
α
i ] =
∑N
β=1(f
β
i +
ǫgβi )(T
β
iα + ǫW
β
iα) for some W
β
iα ∈ Γ(Ui, TY ). Then [Λ0, g
α
i ] =
∑N
β=1 g¯
β
i T¯
β
iα so that ∇({(g¯
1
i , ..., g¯
N
i )}) = 0.
Hence {(g¯1i , ..., g¯
N
i )} ∈ H
0(X,N •X/Y ).
Now we identify obstructions. Consider a small extension e : 0 → A˜ → A → 0. Let η := (X ⊂
(Y × Spec(A),Λ0)) be an infinitesimal deformation of X in (Y,Λ0) over A. Then X is determined by a
Poisson ideal sheaf IA generated by (F 1i , ..., F
N
i ) in Γ(Ui,OY ) ⊗ A such that F
α
i ≡ f
α
i ⊗ 1 mod (mA) and
{F 1i , ..., F
N
i } is a regular sequence. Since (F
1
i , ..., F
N
i ) = (F
1
j , ..., F
N
j ), we have F
α
i =
∑N
β=1R
α
ijβF
β
j for
some Rαijβ ∈ Γ(Ui,OY ) ⊗ A. On the other hand, since (F
1
i , ..., F
N
i ) is a Poisson ideal, we have [Λ0, F
α
i ] =∑N
β=1 F
β
i W
β
iα for some W
β
iα ∈ Γ(Ui, TY ) ⊗ A. Let F˜
α
i ∈ Γ(Ui,OY ) ⊗ A be an arbitrary lifting of F
α
i ,
T˜ βiα ∈ Γ(Ui, TY ) ⊗ A˜ be an arbitrary lifting of W
β
iα, and R˜
β
ijα ∈ Γ(Ui ∩ Uj,OY ) ⊗ A˜ be an arbitrary lifting
of Rαijβ . Then [Λ0, F˜
α
i ]−
∑N
β=1 F˜
β
i T˜
β
iα = tG
α
i for some G
α
i ∈ Γ(Ui, TY ), F˜
α
i −
∑N
β=1 R˜
α
ijβ F˜
β
j = th
α
ij for some
hαij ∈ Γ(Ui ∩ Uj ,OY ), and R˜
α
ikγ −
∑N
β=1 R˜
α
ijβR˜
β
jkγ = tP
α
ijkγ for some P
α
ijkγ ∈ Γ(Ui ∩ Uj ∩ Uk,OY ). We will
show that {(−G¯1i , ...,−G¯
N
i )} ⊕ {(h¯
1
ij , ..., h¯
N
ij )} ∈ C
0(U ,NX/Y ⊗ TY |X) ⊕ C
1(U ,NX/Y ) define a 1-cocycle in
the following Cˇech resolution of N •X/Y :
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C0(U ∩X,NX/Y ⊗ ∧
2TY |X)
∇
x
C0(U ∩X,NX/Y ⊗ TY |X)
δ
−−−−→ C1(U ∩X,NX/Y ⊗ TY |X)
∇
x ∇x
C0(U ∩X,NX/Y )
−δ
−−−−→ C1(U ∩X,NX/Y )
δ
−−−−→ C2(U ∩X,NX/Y )
First we show that∇({(−G¯1i , ...,−G¯
N
i )}) = 0. As in (B.2.2), we can show
∑N
γ=1 F
γ
i ([Λ0,W
γ
iα]−
∑N
β=1W
γ
iβ∧
W βiα) = 0 so that we have
∑N
γ=1 F˜
γ
i ([Λ0, T˜
γ
iα] −
∑N
β=1 T˜
γ
iβ ∧ T˜
β
iα) =
∑N
γ=1 F˜
γ
i tQ
γ
iα =
∑N
γ=1 f
γ
i tQ
γ
iα for some
Qγiα ∈ Γ(Ui,∧
2TY ). Then we have
t[Λ0, G
α
i ] = −
N∑
β=1
[Λ0, F˜
β
i T˜
β
iα] = −
N∑
β=1
F˜ βi [Λ0, T˜
β
iα] +
N∑
β=1
[Λ0, F˜
β
i ] ∧ T˜
β
iα
(B.2.5)
= −
N∑
γ=1
F˜ γi [Λ0, T˜
γ
iα] +
N∑
β=1
tGβi ∧ T
β
iα +
N∑
β,γ=1
F˜ γi T˜
γ
iβ ∧ T˜
β
iα = −
N∑
γ=1
F˜ γi ([Λ0, T˜
γ
iα]− T˜
γ
iβ ∧ T˜
β
iα) +
N∑
β=1
tGβi ∧ T
β
iα
By taking − on (B.2.5), we obtain
t[Λ0, Gαi ] = −
N∑
γ=1
f¯γi tQ¯
γ
iα +
N∑
β=1
tG¯βi ∧ T¯
β
iα =
N∑
β=1
tG¯βi ∧ T¯
β
iα ⇐⇒ −[−G
α
i ,Λ0] + (−1)
1
N∑
β=1
−G¯βi ∧ T¯
β
iα = 0
(B.2.6)
Next we show that δ({(−G¯1i , ...,−G¯
N
i )}) +∇({h¯
1
ij , ..., h¯
N
ij }) = 0. We have
t(Gαi −
N∑
β=1
rαijβG
β
j ) = [Λ0, F˜
α
i ]−
N∑
β=1
F˜ βi T˜
β
iα −
N∑
β=1
R˜αijβ [Λ0, F˜
β
j ] +
N∑
β,γ=1
R˜αijβ F˜
γ
j T˜
γ
jβ(B.2.7)
On the other hand, we have
t[Λ0, h
α
ij ]− t
N∑
β=1
hβijT
β
iα = [Λ0, F˜
α
i ]−
N∑
β=1
[Λ0, R˜
α
ijβ F˜
β
j ]−
N∑
β=1
F˜ βi T˜
β
iα +
N∑
β,γ=1
R˜βijγ F˜
γ
j T˜
β
iα(B.2.8)
= [Λ0, F˜
α
i ]−
N∑
β=1
F˜ βj [Λ0, R˜
α
ijβ ]−
N∑
β=1
R˜αijβ [Λ0, F˜
β
j ]−
N∑
β=1
F˜ βi T˜
β
iα +
N∑
β,γ=1
R˜βijγ F˜
γ
j T˜
β
iα
As in (B.2.1), we can show
∑N
γ=1 F
γ
j (
∑N
β=1R
β
ijγW
β
iα − [Λ0, R
α
ijγ ]−
∑N
β=1R
α
ijβW
γ
jβ) = 0 so that we have∑N
γ=1 F˜
γ
j (
∑N
β=1 R˜
β
ijγ T˜
β
iα − [Λ0, R˜
α
ijγ ] −
∑N
β=1 R˜
α
ijβ T˜
γ
jβ) =
∑N
γ=1 F˜
γ
j tS
α
ijγ =
∑N
γ=1 f
γ
j tS
α
ijγ for some S
α
ijγ ∈
Γ(Ui ∩ Uj, TY ). Then from (B.2.7) and (B.2.8), we obtain
t(Gαi −
N∑
β=1
rαijβG
β
j )− t([Λ0, h
α
ij ]−
N∑
β=1
T βiαh
β
ij) =
N∑
β,γ=1
F˜ γj R˜
α
ijβ T˜
γ
jβ +
N∑
β=1
F˜ γj [Λ0, R˜
α
ijγ ]−
N∑
β,γ=1
F˜ γj R˜
β
ijγ T˜
β
iα
(B.2.9)
By taking − on (B.2.9) , we get
t(G¯αi −
N∑
β=1
r¯αijβG¯
β
j )− t([Λ0, h
α
ij ]−
N∑
β=1
h¯βij T¯
β
iα) = −
N∑
γ=1
f¯γi tS¯
α
ijγ = 0 ⇐⇒ (G¯
α
i −
N∑
β=1
r¯αijβG¯
β
j ) + (−[h
α
ij ,Λ0] +
N∑
β=1
h¯βij T¯
β
iα) = 0
(B.2.10)
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Lastly, we show that δ({(h¯1ij , ..., h¯
N
ij )}) = 0.
t(
N∑
β=1
rαijβh
β
jk − h
α
ik + h
α
ij) =
N∑
β=1
R˜αijβ F˜
β
j −
N∑
β,γ=1
R˜αijβR˜
β
jkγ F˜
γ
k − F˜
α
i +
N∑
β=1
R˜αikβ F˜
β
k + F˜
α
i −
N∑
β=1
R˜αijβ F˜
β
j
(B.2.11)
= −
N∑
β,γ=1
R˜αijβR˜
β
jkγ F˜
γ
k +
N∑
β=1
R˜αikβ F˜
β
k =
N∑
γ=1
(R˜αikγ −
N∑
β=1
R˜αijβR˜
β
jkγ )F˜
γ
k =
N∑
γ=1
tPαijkγ F˜
γ
k =
N∑
γ=1
tPαijkγfkγ
By taking − on (B.2.11), we get
t(
N∑
β=1
r¯αijβ h¯
β
jk − h¯
α
ik + h¯
α
ij) =
N∑
γ=1
tP¯αijkγ f¯kγ = 0 ⇐⇒
N∑
β=1
r¯αijβ h¯
β
jk − h¯
α
ik + h¯
α
ij = 0(B.2.12)
Hence from (B.2.13), (B.2.10) and (B.2.12), {(−G¯1i , ...,−G¯
N
i )} ⊕ {(h¯
1
ij , ..., h¯
N
ij )} ∈ C
0(U ∩ X,NX/Y ⊗
TY |X)⊕ C1(U ∩X,NX/Y ) define a 1-cocycle in the above Cˇech resoultion.
Now we choose another arbitrary lifting F ′αi ∈ Γ(Ui,OY ) ⊗ A˜ of F
α
i , another arbitrary lifting T˜
′β
iα ∈
Γ(Ui, TY )⊗ A˜ of W
β
iα and another arbitrary lifting R
′α
ijβ ∈ Γ(Ui ∩Uj ,OY )⊗ A˜. We show that the associated
cohomology class b := {(−G¯′1i , ...,−G¯
′N
i )} ⊕ {(h¯
′1
ij , ..., h¯
′N
ij )} is cohomologous to a := {(−G¯
1
i , ...,−G¯
N
i )} ⊕
{(h¯1ij , ..., h¯
N
ij )}. We note that F˜
′α
i = F˜
α
i + tA
α
i for some A
α
i ∈ Γ(Ui,OY ), T˜
′β
iα = T˜
β
iα + tB
β
iα for some
Bβiα ∈ Γ(Ui, TY ) and R˜
′α
ijβ = R˜
α
ijβ + tC
α
ijβ for some C
α
ijβ ∈ Γ(Ui ∩ Uj ,OY ).
t(G′αi −G
α
i ) = [Λ0, F˜
′α
i ]−
N∑
β=1
F˜ ′βi T˜
′β
iα − [Λ0, F˜
α
i ] +
N∑
β=1
F˜ βi T˜
β
iα = [Λ0, tA
α
i ]−
N∑
β=1
tAβi T
β
iα −
N∑
β=1
fβi tB
β
iα
(B.2.13)
By taking − on (B.2.13), we get −G¯′αi − (−G¯
α
i ) = −[A¯
α
i ,Λ0] +
∑N
β=1 A¯
β
i T¯
β
iα.
On the other hand,
t(h′αij − h
α
ij) = F˜
′α
i −
N∑
β=1
R˜′αijβ F˜
′β
j − F˜
α
i +
N∑
β=1
R˜αijβ F˜
β
j = tA
α
i −
N∑
β=1
rαijβ tA
β
j −
N∑
β=1
tCαijβf
β
j .(B.2.14)
By taking − on (B.2.14), we get h′αij − h
α
ij = A¯
α
i −
∑N
β=1 r¯
α
ijβ A¯
β
j . Hence {(A¯
1
i , ..., A¯
N
i )} is mapped to b − a
so that a is cohomologous to a. So given a small extension e : 0 → (t) → A˜ → A→ 0, we can associate an
element oη(e) := the cohomology class a ∈ H1(X,N •X/Y ). We note that oη(e) = 0 if and only if there exists
a collection {F˜αi }, {T˜
β
iα} and {R˜
α
ijβ} such that h¯
α
ij = 0 and G¯
α
i = 0, α = 1, ..., N :
(1) If h¯αij = 0, then h
α
ij = f
1
j L
1
j + · · · f
N
j L
N
j for some L
β
j ∈ Γ(Ui ∩ Uj ,OY ). Then F˜
α
i −
∑N
β=1 R˜
α
ijβ F˜
β
j =
t(
∑N
β=1 F˜
β
j L
β
j ). Hence F˜
α
i −
∑N
β=1(R˜
α
ijβ + tL
β
j )F˜
β
j = 0 so that (F˜
1
i , ..., F˜
N
i ) = (F˜
1
j , ..., F˜
N
j ). Hence
{(F˜ 1i , ..., F˜
N
i )} is an ideal sheaf on Y × Spec(A˜).
(2) If G¯αi = 0, then G
α
i = f
1
i P
1
i + · · ·+ f
N
i P
N
i for some P
β
i ∈ Γ(Ui, TY ), then [Λ0, F˜
α
i ]−
∑N
β=1 F˜
β
i T˜
β
iα =
t
∑N
β=1 f
β
i P
β
i = t
∑N
β=1 F˜
β
i P
β
i . Hence [Λ0, F˜
α
i ] =
∑N
β=1 F˜
β
i (T˜
β
iα + tPiβ) so that (F˜
1
i , ..., F˜
N
i ) is a
Poisson ideal.
Hence oη(e) = 0 if and only if there is a lifting of η to A˜.

B.3. Deformations of Poisson closed subschemes of codimension 1 and Poisson semi-regularity.
(compare [Ser06] p.143-144)
Let (L,∇) be a Poisson invertible sheaf on a nonsingular Poisson variety (X,Λ0), where ∇ is a Poisson
connection on L, and we denote by Hi(X,L•) the i-th hypercohomology group of the following complex of
sheaves (see [Kim14a])
L• : L
∇
−→ L⊗ TX
∇
−→ L⊗ ∧2TX
∇
−→ L⊗ ∧2TX
∇
−→ · · ·(B.3.1)
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Let s ∈ H0(X,L•) and D = div(s) ⊂ (X,Λ0) be the Poisson divisor associated with s. Then we have a
morphism of functors of Artin rings:
H
(X,Λ0)
D → Def(L,∇)(B.3.2)
where Def(L,∇) is the functor of deformations of (L,∇) (see [Kim14a]). Let us consider the following exact
sequence 0→ O•X
s
−→ L• → L•D → 0 :
· · · · · · · · ·
−[−,Λ0]
x ∇x x
0 −−−−→ ∧2TX
s
−−−−→ L⊗ ∧2TX −−−−→ LD ⊗ ∧2TX |D −−−−→ 0
−[−,Λ0]
x ∇x x
0 −−−−→ TX
s
−−−−→ L⊗ TX −−−−→ LD ⊗ TX |D −−−−→ 0
−[−,Λ0]
x ∇x x
0 −−−−→ OX
s
−−−−→ L −−−−→ LD −−−−→ 0
so that we have a long exact sequence
0→ H0(X,O•X)→ H
0(X,L•)→ H0(D,L•D)
δ0−→ H1(X,O•X)→ H
1(X,L•)→ H1(D,L•D)
δ1−→ H2(X,O•X)→ · · ·
Then δ0 represents the morphism of tangent spaces for (B.3.2): H
(X,A)
D (k[ǫ]) → Def(L,∇)(k[ǫ]) and δ1
represents the obstruction map for (B.3.2).
Remark B.3.3 (Poisson semi-regularity). Let (X,Λ0) be a nonsingular Poisson projective variety. A Pois-
son Cartier divisor D on X is called Poisson semi-regular if the natural map
H
1(X,OX(D)
•)→ H1(D,OD(D)
•)
is zero. If D ⊂ (X,Λ0) is Poisson semi-regular and Def(L,∇) is smooth, then H
(X,Λ0)
D is smooth so that
D ⊂ (X,Λ0) is unobstructed.
Appendix C. Simultaneous deformations of Poisson structures and Poisson closed
subschemes
C.1. The local extended Poisson Hilbert functor.
Let X ⊂ (Y,Λ0) be a closed embedding of algebraic Poisson schemes where (Y,Λ0) is a nonsingular
Poisson variety, and A ∈ Art. An infinitesimal simultaneous deformation of X in (Y,Λ0) over A ∈ Art is a
cartesian diagram of morphisms of schemes
η :
X −−−−→ X ⊂ (Y × Spec(A),Λ)y yπ
Spec(k) −−−−→ S = Spec(A)
where π is flat, and it is induced by the projection from Y ×S to S, Λ ∈ Γ(Y ×S,H om(∧2Ω1Y×S/S,OY×S))
defines a Poisson structure on Y × S over S, X is a Poisson closed subscheme of (Y × S,Λ), and (Y × S,Λ)
induces (Y,Λ0). Then we can define a functor of Artin rings (called the local extended Poisson Hilbert
functor of X in (Y,Λ0))
EH
(Y,Λ0)
X : Art→ (Sets)
A 7→ {infinitesimal simultaneous deformations of X in (Y,Λ0)}
C.2. The extended complex associated with the normal bundle NX/Y of a Poisson closed sub-
schemes of a nonsingular Poisson variety.
Let (Y,Λ0) be a nonsingular Poisson variety and X be a Poisson closed subscheme of (Y,Λ0) defined by a
Poisson ideal sheaf I. Assume that i : X →֒ Y be a regular embedding. We keep the notations in subsection
B.2.
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We define the extended complex (∧2TY ⊕ i∗NX/Y )
• associated with the normal bundle NX/Y :
(∧2TY ⊕ i∗NX/Y )
• : ∧2TY ⊕ i∗NX/Y
∇˜
−→ ∧3TY ⊕ (i∗NX/Y ⊗ TY |X)
∇˜
−→ ∧4TY ⊕ (i∗NX/Y ⊗ ∧
2TY |X)
∇˜
−→ · · ·
(C.2.1)
The complex is defined locally in the following way:
∇˜ : Γ(Ui,∧
p+2TY )⊕ (⊕
rΓ(Ui ∩X,∧
pTY |X)→ Γ(Ui,∧
p+3TY )⊕ (⊕
rΓ(Ui ∩X,∧
p+1TY |X)
(Πi, (g
1
i , ..., g
N
i )) 7→ (−[Πi,Λ0], [Πi, f
1
i ]− [g
1
i ,Λ0] + (−1)
p
N∑
β=1
gβi ∧ T¯
β
i1, ..., [Πi, f
N
i ]− [g
N
i ,Λ0] + (−1)
p
N∑
β=1
gβi ∧ T¯
β
iN )
Proposition C.2.2. Given a regular closed embedding of algebraic Poisson schemes i : X →֒ (Y,Λ0), where
(Y,Λ0) is a nonsingular Poisson variety,
(1) There is a natural identification
EH
(Y,Λ0)
X (k[ǫ])
∼= H0(Y, (∧2TY ⊕ i∗NX/Y )
•)
(2) Given an infinitesimal simultaneous deformation η of X in (Y,Λ0) over A ∈ Art and a small
extension e : 0→ (t)→ A˜→ A→ 0, we can associate an element oη(e) ∈ H1(Y, (∧2TY ⊕ i∗NX/Y )
•),
which is zero if and only if there is a lifting of η to A˜.
Proof. Let U = {Ui} be an affine open covering of Y and let Ii = (f1i , ..., f
N
i ) be a Poisson ideal of Γ(Ui,OY )
defining Ui ∩X such that {f1i , · · · f
N
i } is a regular sequence. We keep the notations in subsection B.2.
A first-order simultaneous deformation of X in (Y,Λ0) is a flat family
X −−−−→ X ⊂ (Y × Spec(k[ǫ]),Λ0 + ǫΛ′)y y
Spec(k[ǫ]) −−−−→ Spec(k[ǫ])
Since Λ0 + ǫΛ
′ with Λ′ ∈ H0(Y,∧2TY ) define a Poisson structure on Y × Spec(k[ǫ]), we have [Λ0,Λ′] = 0.
Assume that X is determined by a Poisson ideal sheaf I generated by {fαi + ǫg
α
i }, α = 1, ..., N for some
gαi ∈ Γ(Ui,OY ). Then (g¯
1
i , ..., g¯
N
i ) define a global section in H
0(X,NX/Y ) as in the proof of Proposition
B.2.4. On the other hand, (f1i + ǫg
1
i , ..., f
N
i + ǫg
N
i ) is a Poisson ideal, we have [Λ0 + ǫΛ
′, fαi + ǫg
α
i ] =∑N
β=1(f
β
i + ǫg
β
i )(T
β
iα + ǫW
β
iα) for some W
β
iα ∈ Γ(Ui, TY ). Then [Λ0, g
α
i ] + [Λ
′, fαi ] =
∑N
β=1 g¯
β
i T¯
β
iα so that
∇˜(−Λ′, (g¯1i , ..., g¯
N
i )) = 0. Hence (−Λ
′, {(g¯1i , ..., g¯
N
i )}) ∈ H
0(Y, (∧2TY ⊕ i∗NX/Y )
•).
Next we identify obstructions. Consider a small extension e : 0 → (t) → A˜ → A → 0. Let η :=
(X ⊂ (Y × Spec(A),Λ)) be an infinitesimal simultaneous deformation of X in (Y,Λ0) over A. Then X is
determined by a Poisson ideal sheaf IA generated by (F
1
i , ..., F
N
i ) in Γ(Ui,OY )⊗A such that F
α
i ≡ f
α
i ⊗ 1
mod mA, and {F 1i , ..., F
N
i } is a regular sequence. Let Λi ∈ Γ(Ui,∧
2TY ) ⊗ A be the restriction of Λ on
Ui. Since (F
1
i , ..., F
N
i ) = (F
1
j , .., F
N
j ), we have F
α
i =
∑N
β=1R
α
ijβF
β
j for some R
α
ijβ ∈ Γ(Ui ∩ Uj ,OY ) ⊗ A.
Since (F 1i , ..., F
N
i ) is a Poisson ideal, we have [Λi, F
α
i ] =
∑N
β=1 F
β
i W
β
iα for some W
β
iα ∈ Γ(Ui, TY ) ⊗ A. Let
Λ˜i ∈ Γ(Ui,∧
2TY ) ⊗ A˜ be an arbitrary lifting of Λi, F˜
α
i ∈ Γ(Ui,OY ) ⊗ A˜ be an arbitrary lifting of F
α
i ,
T˜ βiα ∈ Γ(Ui, TY ) ⊗ A˜ be an arbitrary lifting of W
β
iα, and R˜
α
ijβ ∈ Γ(Ui,OY ) ⊗ A˜ be an arbitrary lifting of
Rαijβ . Then [Λ˜i, Λ˜i] = tΠi for some Πi ∈ Γ(Ui,∧
3TY ), Λ˜i − Λ˜j = tΛ′ij for some Λ
′
ij ∈ Γ(Ui ∩ Uj,∧
2TY ),
[Λ˜i, F˜
α
i ] −
∑N
β=1 F˜
β
i T˜
β
iα = tG
α
i for some G
α
i ∈ Γ(Ui, TY ), F˜
α
i −
∑N
β=1 R˜
α
ijβ F˜
β
j = th
α
ij for some h
α
ij ∈ Γ(Ui ∩
Uj ,OY ), and R˜αikγ −
∑N
β=1 R˜
α
ijβR˜
β
jkγ = tP
α
ijkγ for some P
α
ijkγ ∈ Γ(Ui ∩ Uj ∩ Uk,OY ). We will show that
({ 12Πi}, {(−G¯
1
i , ...,−G¯
N
i )}) ⊕ ({−Λ
′
ij}, {h¯
1
ij, ..., h¯
N
ij }) ∈ C
0(U ,∧3TY ⊕ i∗(NX/Y ⊗ TY |X)) ⊕ C
1(U ,∧2TY ⊕
i∗NX/Y ) define a 1-cocycle in the following Cˇech resolution of (∧
2TY ⊕ i∗NX/Y )
•:
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C0(U ,∧4TY ⊕ i∗(NX/Y ⊗ ∧
2TY |X))
∇˜
x
C0(U ,∧3TY ⊕ i∗(NX/Y ⊗ TY |X))
δ
−−−−→ C1(U ,∧3TY ⊕ i∗(NX/Y ⊗ TY |X))
∇˜
x ∇˜x
C0(U ,∧2TY ⊕ i∗NX/Y )
−δ
−−−−→ C1(U ,∧2TY ⊕ i∗NX/Y )
δ
−−−−→ C2(U ,∧2TY ⊕ i∗NX/Y )
First we show that ∇˜(({ 12Πi}, {(−G¯
1
i , ...,−G¯
N
i )})) = 0. From (A.0.16), we have
−[
1
2
Πi,Λ0] = 0(C.2.3)
On the other hand, as in (B.2.2), we can show
∑N
γ=1 F
γ
i ([Λi,W
γ
iα]−
∑N
β=1W
γ
iβ∧W
β
iα) so that
∑N
γ=1 F˜
γ
i ([Λi, T˜
γ
iα]−∑N
β=1 T˜
γ
iβ ∧ T˜
β
iα) =
∑N
γ=1 F˜
γ
i tQ
γ
iα =
∑N
γ=1 f
γ
i tQ
γ
iα for some Q
γ
iα ∈ Γ(Ui,∧
2TY ). Then we have
t[Λ0, G
α
i ] = [Λ˜i, [Λ˜i, F˜
α
i ]]−
N∑
β=1
[Λ˜i, F˜
β
i T˜
β
iα] = t[
1
2
Πi, f
α
i ]−
N∑
β=1
F˜ βi [Λ˜i, T˜
β
iα] +
N∑
β=1
[Λ˜i, F˜
β
i ] ∧ T˜
β
iα(C.2.4)
= t[
1
2
Πi, f
α
i ]−
N∑
γ=1
F˜ γi [Λ˜i, T˜
γ
iα] +
N∑
β=1
tGβi ∧ T
β
iα +
N∑
β,γ=1
F˜ γi T˜
γ
iβ ∧ T˜
β
iα
By taking − on (C.2.4), we obtain
t[Λ0, Gαi ] = t[
1
2
Πi, fαi ]−
N∑
γ=1
f¯γi tQ
γ
iα +
N∑
β=1
tG¯βi ∧ T¯
β
iα = t[
1
2
Πi, fαi ] +
N∑
β=1
tG¯βi ∧ T¯
β
iα
⇐⇒ [
1
2
Πi, fαi ]− [−G¯
α
i ,Λ0] + (−1)
1
N∑
β=1
−G¯βi ∧ T¯
β
iα = 0(C.2.5)
Next we show that δ(({ 12Πi}, {(−G¯
1
i , ...,−G¯
N
i )})) + ∇˜(({−Λ
′
ij}, {h¯
1
ij, ..., h¯
N
ij })) = 0. From (A.0.17), we
have
δ(
1
2
Πi)− [−Λ
′
ij ,Λ0] = 0(C.2.6)
On the other hand, we have
t(Gαi −
N∑
β=1
rαijβG
β
j ) = [Λ˜i, F˜
α
i ]−
N∑
β=1
F˜ βi T˜
β
iα −
N∑
β=1
R˜αijβ [Λ˜j , F˜
β
j ] +
N∑
β,γ=1
R˜αijβ F˜
γ
j T˜
γ
jβ(C.2.7)
t[Λ0, h
α
ij ]− t
N∑
β=1
hβijT
β
iα = [Λ˜i, F˜
α
i ]−
N∑
β=1
[Λ˜i, R˜
α
ijβ F˜
β
j ]−
N∑
β=1
F˜ βi T˜
β
iα +
N∑
β,γ=1
R˜βijγ F˜
γ
j T˜
β
iα(C.2.8)
= [Λ˜i, F˜
α
i ]−
N∑
β=1
F˜ βj [Λ˜i, R˜
α
ijβ ]−
N∑
β=1
R˜αijβ [Λ˜j + tΛ
′
ij , F˜
β
j ]−
N∑
β=1
F˜ βi T˜
β
iα +
N∑
β,γ=1
R˜βijγ F˜
γ
j T˜
β
iα
As in (B.2.1), we can show
∑N
γ=1 F
γ
j (
∑N
β=1R
β
ijγW
β
iα − [Λi, R
α
ijγ ] −
∑N
β=1R
α
ijβW
γ
jβ) = 0 so that we have∑N
γ=1 F˜
γ
j (
∑N
β=1 R˜
β
ijγ T˜
β
iα− [Λ˜i, R˜
α
ijγ ]−
∑N
β=1 R˜
α
ijβ T˜
γ
jβ) =
∑N
γ=1 F˜
γ
j tS
α
ijγ for some S
α
ijγ ∈ Γ(Ui∩Uj , TY ). Then
DEFORMATIONS OF COMPACT HOLOMORPHIC POISSON SUBMANIFOLDS 59
from (C.2.7) and (C.2.8), we get
t(Gαi −
N∑
β=1
rαijβG
β
j )− t[Λ0, h
α
ij ] + t
N∑
β=1
hβijT
β
iα(C.2.9)
=
N∑
β,γ=1
R˜αijβ F˜
γ
j T˜
γ
jβ +
N∑
γ=1
F˜ γj [Λ˜i, R˜
α
ijγ ] +
N∑
β=1
rαijβ [tΛ
′
ij , f
β
j ]−
N∑
β,γ=1
R˜βijγ F˜
γ
j T˜
β
iα
By taking − on (C.2.9), we get
t(G¯αi −
N∑
β=1
r¯αijβG¯
β
j )− t[Λ0, h
α
ij ] + t
N∑
β=1
h¯βij T¯
β
iα = −
N∑
γ=1
tS¯ijγ f˜
γ
i +
N∑
β=1
tr¯αijβ [Λ
′
ij , f
β
j ] =
N∑
β=1
tr¯αijβ [Λ
′
ij , f
β
j ] = t[Λ
′
ij , f
β
i ]
⇐⇒ (
N∑
β=1
r¯αijβ · (−G¯
β
j )− (−G¯
α
i )) + [−Λ
′
ij , f
β
i ]− [h
α
ij ,Λ0] +
N∑
β=1
h¯βij T¯
β
iα = 0(C.2.10)
Lastly, from (A.0.18) and (B.2.12), we have
δ({−Λ′ij}, {(h¯
1
ij , ..., h¯
N
ij )}) = 0.(C.2.11)
Hence from (C.2.3),(C.2.5),(C.2.6), (C.2.10), and (C.2.11), ({ 12Πi}, {(−G¯
1
i , ...,−G¯
N
i )})⊕({−Λ
′
ij}, {(h¯
1
ij , ..., h¯
N
ij )}) ∈
C0(U ,∧3TY ⊕ i∗(NX/Y ⊗ TY |X))⊕ C
1(U ,∧2TY ⊕ i∗NX/Y ) define a 1-cocycle in the above Cˇech resolution.
Now we choose another arbitrary lifting F ′αi ∈ Γ(Ui,OY ) ⊗ A˜ of F
α
i , another arbitrary lifting T˜
′β
iα ∈
Γ(Ui, TY )⊗A˜ ofW
β
iα, another arbitrary lifting R
′α
ijβ ∈ Γ(Ui∩Uj ,OY )⊗A˜ of R
α
ijβ and another arbitrary lifting
Λ˜′i ∈ Γ(Ui,∧
2TY )⊗A˜ of Λi. We show that the associated cohomology class b := ({
1
2Π
′
i}, {(−G¯
′1
i , ...,−G¯
′N
i )})⊕
({−Λ′′ij}, {(h¯
′1
ij , ..., h¯
′N
ij )}) is cohomologous to a := ({
1
2Πi}, {(−G¯
1
i , ...,−G¯
N
i )}) ⊕ ({−Λ
′
ij}, {(h¯
1
ij, ..., h¯
N
ij )}).
We note that F˜ ′αi = F˜
α
i + tA
α
i for some A
α
i ∈ Γ(Ui,OY ), T˜
′β
iα = T˜
β
iα + tB
β
iα for some B
β
iα ∈ Γ(Ui, TY ),
R˜′αijβ = R˜
α
ijβ + tC
α
ijβ for some C
α
ijβ ∈ Γ(Ui ∩ Uj ,OY ) and Λ˜
′
i = Λ˜i + tDi for some Di ∈ Γ(Ui,∧
2TY ). Then
t(G′αi −G
α
i ) = [Λ˜
′
i, F˜
′α
i ]−
N∑
β=1
F˜ ′βi T˜
′β
iα − [Λ˜i, F˜
α
i ] +
N∑
β=1
F˜ βi T˜
β
iα = [tDi, f
α
i ] + [Λ0, tA
α
i ]−
N∑
β=1
tAβi T
β
iα −
N∑
β=1
fβi tB
β
iα
(C.2.12)
By taking − on (C.2.12), we get
G¯′αi − G¯
α
i = [Di, f
α
i ] + [Λ0, A¯
α
i ]−
N∑
β=1
A¯βi T¯
β
iα ⇐⇒ −G¯
α
i − (−G¯
′α
i ) = [Di, f
α
i ]− [Λ0,−A
α
i ] +
N∑
β=1
−A¯βi T¯
β
iα
(C.2.13)
and from (B.2.14), we have h¯′αij − h¯
α
ij = A¯
α
i −
∑N
β=1 r¯
α
ijβA¯
β
j so that {h¯
α
ij − h¯
′α
ij } = −δ({−A¯
α
i }). On the
other hand, from (A.0.19) and (A.0.20), we have 12Πi −
1
2Π
′
i = −[Di,Λ0] and −Λ
′
ij − (−Λ
′′
ij) = −δ(Di).
Hence ({Di} ⊕ {(−A¯1i , ...,−A¯
N
i )}) is mapped to a − b so that a is cohomologous to b. So given a small
extension e : 0 → (t) → A˜ → A → 0, we can associate an element oη(e) := the cohomology class a ∈
H1(Y, (∧2TY ⊕ i∗NX/Y )
•). We note that oη(e) = 0 if and only if there exists collections {F˜αi }, {T˜
β
iα}, {R˜
α
ijβ}
and {Λ˜i} such that h¯αij = 0, G¯
α
i = 0, α = 1, ..., N,Πi = 0, and Λ
′
ij = 0:
(1) If h¯αij = 0, then (F˜
1
i , ..., F˜
N
i ) = (F˜
1
j , ..., F˜
N
j ) so that {(F˜i1, ..., F˜iN )} define an ideal sheaf on Y ×
Spec(A˜).
(2) If Πi = 0 and Λ
′
ij = 0, then [Λ˜i, Λ˜i] = 0, and {Λ˜i} glues together to define a Poisson structure on
Y × Spec(A˜).
(3) If G¯αi = 0, then G
α
i =
∑N
β=1 f
β
i P
β
i for some P
β
i ∈ Γ(Ui, TY ). Then [Λ˜i, F˜
α
i ] =
∑N
β=1(T˜
β
i + tP
β
i )F˜
β
i
so that (F˜ 1i , ...F˜
N
i ) defines a Poisson ideal.
Hence oη(e) = 0 if and only if there is a lifting of η to A˜. 
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